
dqcpdl zix`pil dxabl`a 10 libxz oexzt

:oexzt .1

:f` λ, µ ∈ R-e C,D ∈ M2(R) eidi (`)

T (λC + µD) = A(λC + µD) = λAC + µAD = λT (C) + µT (D)

.zix`pil T okl

:miiwzn ,V megza dvixhn M =
(

x y
z w

)
idz (a)

T (M) = AM =
(

x− z y − w
−4x + 4z −4y + 4w

)

dvixhn

(
a b
c d

)
idz .ef dxeva bvil ozip geeha zevixhn eli` wecap

miiwzdl jixv ,megza xewn dxear didiy ick ,geeha
x− z = a
y − w = b

−4x + 4z = c
−4y + 4w = d

:(x, y, z, w mipzyna) d`ad dvixhnd z` lawp bexc xg`l

(1)


1 0 −1 0 a
0 1 0 −1 b
0 0 0 0 c + 4a
0 0 0 0 d + 4b


{

c = −4a
d = −4b

:miiwzdl jixv zkxrnl oexzt didiy icky mi`ex ep` df bexcn

:`ed Im(T )-y o`kne(
a b

−4a −4b

)
= a

(
1 0
−4 0

)
+ b

(
0 1
0 −4

)

dpenzd cnin .{
(

1 0
−4 0

)
,

(
0 1
0 −4

)
} `ede Im(T )-l qiqa ep`vn

.2 `ed

zeniiwn x, y, z, w odly zehpicxe`ewdy zevixhnd zveaw `ed ker(T )
: `ed ef zkxrnl oexztd .a = b = c = d = 0 xear (1) zkxrnd z`{

x = z
y = w

ecniny o`kne {
(

1 0
1 0

)
,

(
0 1
0 1

)
} :ker(T )-l qiqa lawp oexztdn

.2 `ed
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:zeix`pil zewzrd .2

:dxeva dze` meyxl xyt`y oeik zix`pil ef dwzrd (`)

T (x, y) = (x, y)
(

1 0 0
0 −1 0

)
= (x,−y, 0)

:dxeva dze` meyxl xyt`y oeik zix`pil ef dwzrd (a)

T (x, y, z) = (x, y, z)

 1 1
1 0
0 −2

 = (x + y, x− 2z)

.(xp(x))′ = p(x) + xp′(x) :il`ivpxtic oeayga reci llk itl ik al miyp (b)

.mixlwq λ, µ ∈ R eidie p, q ∈ Rn[x] eidi :zix`pil ef dwzrdy d`xp
:miiwzn

T (λp + µq) = (x(λp(x) + µq(x)))′ =
(λp(x) + µq(x)) + x(λp(x) + µq(x))′ =
(λp(x) + µq(x)) + x(λp′(x) + µq′(x)) =
λ(p(x) + xp′(x)) + µ(q(x) + xq′(x)) = λT (p) + µT (q)

.zix`pil T okl

,xlwqa ltkd lr zxney dpi` `idy lynl d`xp .zix`pil dpi` dwzrdd (c)
la` ,T (π

2 , 0, 0) = (sin(π
2 ), 0) = (1, 0) -y al miyp

T (2(
π

2
, 0, 0)) = T (π, 0, 0) = (sin(π), 0) = (0, 0) 6= 2(1, 0) = (2, 0)

:f` λ, µ ∈ R-e A,B ∈ Mn(R) eidi .zix`pil dwzrdd (d)

T (λA + µB) = (λA + µB)− (λA + µB)t = (λA + µB)− (λAt + µBt)
(λ(A−At) + µ(B −Bt) = λT (A) + µT (B)

:oexzt .3

okle(ewca) l"za `id {(0, 0, 1), (1, 1, 1), (0, 1,−2)} dpezpd mixehwed zveaw (`)
zix`pil dwzrd zniiwy lawp ,xerydn htynd t"r ,R3-l qiqa deedn

.dl`yd zeyixc lr dperd dcigi

itl R3-a illk xehwe meyxp ,zyweand T dwzrdd z` `evnl ick
:d`ad dbvdl liaen lw aeyig ,oezpd qiqad

(x, y, z) = x(1, 1, 1) + (y − x)(0, 1,−2) + (z − 3x + 2y)(0, 0, 1)

:T dwzrdd z` cin lawp o`kne

T (x, y, z) = xT (1, 1, 1) + (y − x)T (0, 1,−2) + (z − 3x + 2y)T (0, 0, 1) =
x · 3 + (y − x) · 1 + (z − 3x + 2y) · (−2) = 8x− 3y − 2z
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lynl ,megza xewn el miiw ,geeha xai` a ∈ R xgap .lr `id ef dwzrd
.(a

8 , 0, 0)
.T (0, 0,−4) = 8 mbe T (1, 0, 0) = 8 lynl ik ,r"gg dpi` ef dwzrd

.mfitxenefi` dpi` dwzrddy raep

.micnind htyn t"r r"gg dpi` `idy wiqdl ozip lr dwzrddy jkn :dxrd

(1, 1) = (1, 0)+ zix`pil zelz dlikn {1, 0), (0, 1), (1, 1)} dpezpd dveawd (a)
.dl`yd zeyixc lr dperd l"h zniiw ik ghaen `l okle ,(0, 1)

:mdizepenz oia mb zniiw xewnd ixehwe oia zniiwd zelzd m`d wecap

T (1, 0) + T (0, 1) = (3, 1) + (1, 2) = (4, 3) 6= (3, 4) = T (1, 1)

dwzrd zniiw `l okle ,dpenzd ixehwe oia zniiwzn dpi` zelzd
.zeyixcd lr dperd zix`pil

-y jk T z` xicbdl lkep ,l"za {(1, 0, 1), (2,−1, 1)}-y oeik (b)

T (1, 0, 1) = 0 mbe T (2,−1, 1) = 0

,lynl ,R3 ly qiqal mixehwed bef z` milyp T zxcbd z` milydl ick
.mipezpd mixehwed ipya l"za (1, 0, 0) xehwedy `ceel ozip

z` licbz `l dxcbddy jk (1, 0, 0) lr T z` xicbdl wx xzep ,zrk
xicbp lynl ,ker(T )

T (1, 0, 0) = x

dyixc dze`n ,dl`yd zyixc itl ker(T ) 6= {~0} ik ,r"gg dpi` i`ce T
.dim(ker(T )) = 2-y mb lawp

dim(R3) = dim(ker(T ))+ ik lr dpi` T -y zrk lawp ,micnind htynn
.(2 `ed geehd agxn cnine) dim(Im(T )) = 1 okle dim(Im(T ))

.mfitxenefi` dpi` T -y raep

qiqaa R3-a (a, b, c) xehwe lk bivp ,T -l zyxetn dbvd `evnl ick
-y lawp .epxgay

(a, b, c) = (b + c)(1, 0, 1) + (−b)(2,−1, 1) + (a + b− c)(1, 0, 0)

:lawp df oeieeiy lr T zlrtd i"r o`kne

T (a, b, c) = (b + c)(0) + (−b)(0) + (a + b− c)(x) = (a + b− c)x

zyixc z` zniiwnd dcigid dpi` ep`vny T divnxetqpxhd :dxrd
.dl`yd

T -y dlilya gipp .efk divnxetqpxh zniiw `l micnind htyn itl (c)
:f` ,dl`yd zeyixc z` zniiwn

4 = dim(M2(R)) = dim(ker(T )) + dim(Im(T )) = 1 + dim(im(T ))

dim(R2) =-e R2-l divnxetqpxh `id T la` .dim(Im(T )) = 3-y eplaiwe
.dxizq eplaiwe dim(Im(T )) ≤ 2 okl ,2

.zeyixcd lr dperd divnxetqpxh zniiw `l okl
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`ed ezpenz ly cnind ,oezpd itl la` ,4 `ed megzd agxn ly cnind (d)
:ik yxecd micnind htyn itl ixyt` epi` df xac .5

4 = dim(M2(R)) = dim(ker(T )) + dim(Im(T )) = dim(ker(T )) + 5

.zeyixcd lr dperd dwzrd zniiw `l okl

.B = {x2, x, 1} :lynl ,qiqa exear xgap ,3 `ed megzd agxn ly cnind (e)
.mixehwe ipy i"r yxtdl dkixv dwzrdd zpenzy mi`ex ep` oezpdn

span-d `ed dly geehde) qiqa lr dizepenz t"r zrawp zix`pil dwzrd
:xicbp yexcd lr dperd dwzrd lawl ick ,(dl` zepenz ly

T (x2) = (1, 2, 0,−4) T (x) = (4, 0, 1,−1)

xehwe z` .im(T ) ⊇ Sp{(1, 2, 0,−4), (4, 0, 1,−1)}-y epghad xak jkae
oezpd im(T )a didz ezpenzy calae eppevxk xicbdl lkep iyilyd qiqad

.T (1) = (0, 0, 0, 0) :lynl xicbp .epl

:dwzrddl yxetn iehia zrk meyxp

T (ax2+bx+c) = a(1, 2, 0,−4)+b(4, 0, 1,−1) = (a+4b, 2a, b,−4a−b)

zniiwnd dcigid dpi` `id) dl`yd zeyixc z` zniiwn ef dwzrd
.(dl` zeyixc

qt`d xehwe z` likn epi` ker(T )-y oeik ,r"gg dpi` epxcbdy dwzrdd

.(T (1) = ~0 z` epxcbd ik lynl) cala

cnine 3 `ed megzd agxn cnin .micnin ilewiyn lr dpi` mb dwzrdd
.lr zeidl dleki dpi` dwzrdd micnind htyn itl okl ,4 geehd agxn

.mfitxenefi` dpi` dwzrddy raep

:xicbdl lkep ,l"za {(0, 1, 1, 0), (1, 1, 0, 0)}-y oeik (f)

T (1, 1, 0, 0) = T (0, 1, 1, 0) = ~0

(0, 0, 1, 0) ztqed i"r lynl ,R4 ly qiqal dl` mixehwe ipy milyp
.(0, 0, 0, 1)-e
:xicbp zrk

T (0, 0, 1, 0) = (1, 1, 0, 0, 0) T (0, 0, 0, 1) = (0, 1, 1, 0, 0)

zlcbdl dnxb `l ef dxcbd ,l"za {(1, 1, 0, 0, 0), (0, 1, 1, 0, 0)-y oeik
.dl`yd zeyixc lr dper epxcbdy T okle ,dl`ya yexcl xarn ker(T )

.ker(T ) 6= {~0} dl`yd zeyixcny oeik ,r"gg dpi` T

.Im(T ) = Sp{(1, 1, 0, 0, 0), (0, 1, 1, 0, 0)}-y oeik ,lr dpi` mb T

.mfitxenefi` dpi` T -y raep

:epxgay qiqad i"r R4-a xehwe lk bvp .T -l zyxetn dbvd `vnp

(a, b, c, d) = a(1, 1, 0, 0)+(−a+b)(0, 1, 1, 0)+(a−b+c)(0, 0, 1, 0)+d(0, 0, 0, 1)
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:lawpe T z` lirtp

T (a, b, c, d) = a~0 + (−a + b)~0 + (a− b + c)(1, 1, 0, 0, 0) + d(0, 1, 1, 0, 0) =
(a− b + c, a− b + c + d, d, 0, 0)

.dl`yd zeyixc lr dperd dcigid dpi` ef T mb :dxrd

:f` ,dl`yd zeyixc z` zniiwn T -y dlilya gipp .efk T zniiw `l (g)

4 = dim(M2(R)) = dim(ker(T )) + dim(Im(T )) = 3 + 2 = 5

dl`yd zeyixc z` zniiwnd T zix`pil divnxetqpxh okl .dxizq efe
.zniiw dpi`

:oexzt .4

:lawp T ly zeix`pildn f` λ, µ ∈ F-e v, w ∈ V eidi (`)

S(λv + µw) = T (T (λv + µw)) = T (λT (v) + µT (w)) =
λT (T (v)) + µT (T (w)) = λS(v) + µS(w)

okl .T (v) = 0 f` ,v ∈ ker(T ) idi (a)

T 2(v) = T (T (v)) = T (0) = 0

.v ∈ ker(T 2) okle

f` ,u = T (v) onqp .T 2(v) = w -y jk v ∈ V miiw f` ,w ∈ Im(T 2) idi (b)

T (u) = T (T (v)) = T 2(v) = w

.w ∈ Im(T ) okle
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