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Trivial group

Group of units

General linear

group

Symmetry group
on X

Abelian (or
commutative)

Abelian group
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DXNNP N NNIAND .NNAN NN NIND NNYN TANR IR NOYA NP .1.16 ININT
JNTRMMIVD DN3ND

0N’ NNIAN IMNNN TRINNA 029NN DIDVNN GOIN TR M > .1.17 A0
U (M) m3m0m M 59 DIDODIN DI3RD N3N NRIPIN ,NNN¥INND N9Iad

NN D90 ON a,b DN .DIDN M a, b € M v 29951 nman U(M) nnd

V9 (a-b)7t =071 a7 NN 29NN ABRD DN L TRIIND TN NN a - b D)
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VY 090N NMIAND L TRIND N
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R Syn (n NOYNN) DD MR DNIND OORNP
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29NNYN

X-n Mmpnynn N¥ap Sy 55N0y ANap X XN O TN 132 30 NN
AN RN I D200 Nowad ova XK = {f | X — X} mamonn masyd
NN NpRYN XN 3 nTnn

POND) DY NYNPNAN ON PRI O29NN .YNNN NPXPNON DN INRNDYN D291
SPNYD) o0 NnY X NN N2 OX NP AN L(DTTAN DPOIMDIN NMIYyvN NN
X ={1,...,n} ox .Sx 0mom X 9 ™Mvod MR o U (XY o) nmand
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Distributive law
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Man N0 Z(G) oy ix,G nMan ymnav
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Divides

Euclidean

division

Congruent

modulo n

Congruence class

Subgroup
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O<r<ldonn=qd+rv3

nla —b DN N AN DNYPY 0N a,b € Z >d IINI 2Yyav 190N n O 2.3 N1
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Trivial subgroup

Special linear

group
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OOV SV
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Order of a group

Order of an

element
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ANPNN YIIpa vy HK <G o JHK = KH oy IO o2 nne
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NITD
oy , X CG My . HK = KH mom  HK < G moyn pywn o2
X'={as"reX}
JH=Y = H 9,95 05909 Mo 0w ,mman 0 H, K, HK < G-v »an

HK =(HK) '=K'H'=KH 5 .(HK) ' =HK K '=K

o970 2.2
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|G| ANt 203 .N7aNa W DN NND NPV INY
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nYIAPN MPN N NP5V MPN na = a + -+ -+ a Y29 PNDN NNIAN 0Ny
.a’ = e DoPM .a YV 09NN SV

790NN NI AN VW TIOD g € G AR X nan (G-, e) NN L2.19 0910
g SV TONY DN ,MD n PR ON .¢" = e DPPRNY Td NP2 YOPN n PYaoN
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P W (Zg,+) DMaN2 D R 0N NN (Zy,, +) = (1) nMann .2.27 At
9P DXV NYAINR W (Zig, +) NNIANA I INTN (99D NIV >T DY NPI)) TNR XY
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970 NI DN HY AToN 002 o(a) = [(a)] N .a € G o 228 YWYV
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n-th roots of

unity
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D98 o0 G OV 1MNMAN~NN D0 IR, 1O G ORY INOIN 3.1 WYV
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0(a)n OR PN OR @™ = e PPN .a € GO ,nNan G NN 3.3 WYV
avn n=k-o(a)-v 79 k € N o»p 199 .o(a)|n m3 dnow
k
a® = CLk-o(a) _ (ao(a)) — ekz —e

oy PI2PNN LAY 290 VawN 299 o(a) < |n| WX ,a" = e DN PV T8N 17T
avm .0 <r <o(a) oy n=q-o(a) +r ONIYY 7-) ¢ DHYP TPINY

. q
e=a" = ql o(a)+r _ (ao(a)) ca"=el-a =a"

M0D = 0 P9 @ = e-v 7O NP YOPN 7 YLD 190NN NN o(a) YN
O o(a)|n

N C Syn 1 ATDD DM WW NP L(DTD) 3.4 NNt

ork
Qn:{z€C|z”:1}:{cis% k:O,l,...,n—l}

21
NN Q, MmO ., = (w,) 93P w, = cis— o) ox .C* 5v pMan-nn n
n
Y Pand 2710 Qg Ny DX N ORTI w, 2T DY NI TPOPN NMNANTNN
PO MNP MMANN
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o0
Roots of unity AN s = U 2, DN VN NP NN YOO L(ODTD) 3.5 DN

n=1
(NN NN XY NN MMAN TINN) .99 25 nMan N0 O .1
090 70N NN Qo-2 TN DD 2 MWD) 0 (x) < 00,z € Qg 93D 2

JO8 NN Q.3

Torsion group DOV N3N DNNP N0 1TON NN TN 9D Nav 1D NNand

NN

725 990 .C* DY DMan~nn Y NONY Nt T DY NMan v o L1
NNANNN XIAPI) NNAN~NN NIN PYAN NNAN DY YN0 ITON OIDNN GOIN
970N DMNN DO NN PYTA NDDON NNV DN LD NITIN 2aY (0o
.N1M2n 195 ,C* mdann nMmann SV .o
g1, g2 € PV AP KO NN P9 L1 € Oy 0 M2 DTN 29D vNaN 19INA
I,k € Z may 2n2y .go € €, ,g1 € Q, DMWYV m,n DY 120

Nukiablap)al

2nk 27l

gl = CS——, 92 = cisS——

m n
Ay

2mk 2@l (2ﬂk QWZ)
g192 = cis— - cis— =cis | — + —
m n m n
27 (k l
mn

g e, COy DN ,g €, ONX NV ,NNI2 NN 229NY MIID
NV TINN NP 259 19N, MMNAN NIYIY DOV TIRY 727D )0t ¥ ON)
(.NMan NN ,MMan by

o) <n 3P0 .2 € Q1YY n ovp r € Qy 935 2

Qoo TN .DPND N Qe DY NPOPINN MMIAND™NN YD ,0TIPN Pyon a0 .3
AN DNRS MY NNV 1DN” KD 199, 1POIDPN

MMAN Y DY ND90N 3.2

oV MYAoN 5915 AN XINY  .NMNYP MMANHD MYTN MMIAN DY NN M2
PO DT DPPORNNN NN .MNAN (H, e)-1 (G, *) N»NN .MNIAN Mtn INY

GxH={(g9,h)|g€ G heH}
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MDD ,209-207 G X H Yy © nYIys 1) 3.6 WO

(91, 1) © (g2, ha) = (91 * g2, h1 ® hy)

(External) Direct VDN .H-1 G 5¥ GWIBND) WD 2729000 NNIPIN ,NMan N0 (G x H, ©) N
product (eg,em) M0 G x H-2 nron

Yan NN 007 .C* X Zg Yy 9onv) 3.7 nnnt

(—i,2) © (3,7) = (=i - 3,2+ 7) = (1,1)

(5+3i,1)® (2,2) = ((5+3i) - 2,14 2) = (10 4 6i,3)

[(1,0) x10 n nMana NN RN

22v1a - DX D) ,©-2 G X H S¥ nYyan DR 1900 O01pna ,»voyn (3.8 D
MNnn

2n > 2 May) MO Z,, X Ly DND 3.9 993910

QN i NP 930 NN (a, b) € Zy, X Zy, YR 93 DY ATONY NN IND NN
(a,b)" = (a,b) - (a,b)---(a,b) = (a+---+a,b+---+b) = (na,nb) = (0,0)

m < n n1ona L(a,b)™ = (0,0) 1MaYY m OYNN 90NN NN ATONY NP
NP OO0 N Zy, X Zip-2 AR DD DY 970N 00D

N L|Zy, X Zp| = 02 0TTI0 N 9PN APNR R ANIAND 2D P0) DY
1NN 31997 ,MD PR TN .n? TN DN N 00PN AN Z, X Z, NNMann
JPOPN NN

JPOPN NAONA NP NPOPPY MMNIAN DY DYDY N OTIPN 93NN .3.10 WD
JPOAN NIRYI NPDIN MMIAN OV NY9ON ,NINT NMYD

MHVPON HNAND Ny 3.3
Symmetric group NN 7 DNTO HINVDIDD IN3ND L3.11 NN
S, =Hc: {1,2,...,n} = {1,2,...,n}|o is bijective}

- MAINX YN ,mxyYo {1,2,...,n} NNAPIN S Y'NNN MPRYNN 95 GOIN Nt
NoYan AWNd NMan 0 S, {1,2,...,n} 079000 SV ATON MYV DI qOIN
NIPY S, DY DR DD MNN IONPNS NN DTN DN LNPSPNS NN NN
Permutation AONDN

oy X% mxmma o>ann nan prTa X0 S, NMann (I v ON) 3.12 YD
X =A{1,2,...,n} 9wrd ,n2570N N2y

16



Cycle

Length of a cycle

0(2) =7 ,0(1) =17 nM¥Mm NN o € S3 1N .S3 IR IONTO NP2 .3.13 DN
MNYPA oI D Mo i, 5k € {1,2,3} IR 0 (3) = kA

12 3
i j ok

g =

:53-2 OYNN YD AN YNONIA N

1 2 3
id = Nl
1 2 3
2 3
T = 2
2 3
2 3
o= 3
2 1
9 1 2
O =000 = 4
3 2
1 3
OT =00T = 5
3 1
1 2 3
JO=TO0 = .6
1 2

TN S,=9 RI? 9P DY ROV .07 F 7O YD VIR TR S3-¥ 37 W) .3.14 MIPponN
V3N N7 RN D 1 > 3% IR

NN o (1) X N2 IMAVANRN 190N DR L[S, | = n! N AToN 315 WD
TY L, 0oVUN 15 n— 1 N0 o (2) IR NN NMIVANRD 90N T NN .0
991 702 1IN NOY PINND IR L1 NN 0 (n) IR NNID NMIVIRD 1900Y

ASul=n-(n—=1)---1=n!

S MAabNN Y TNN DIYN NINNN NN NN S,-2 (7 IN) RN .3.16 1N
LDNNYY DXNOVI DIQDNN INYY A > Ay —> A3 —> « -+ > Qg > A (DY D901
(a1 ag ... ag) MANN SV IWRD (a1 ag ... ag) NP R NN DX DAMD

kNon

20 wov (12 3) Mmnnn N0 313 NTA NIANDY o € S5 NINNN L3.17 T
MM NNNNA TN ROV
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Disjoint cycles

Group

homomorphism

Monomorphism

Epimorphism
Epimorphic

image

1 2 3 4

NN IR 8N (45 2) mnnn ,S5-2 .3.18 DNt
1435 2

TOINVAD'I THNDD IWRD DR DIRNY NI DIMI7 THHMN DNWDN 9D .3.19 vown
AOVPID AR THYD DY ATMIVYD 19DV D7 PRY DIRHD RO "oy

DY O2IWN 1921 ,(2WNTN) Nt DY NF OAONNN O DINNNY 20 MY .3.20 TIYD
NPI0ND NMNNN BY DIWN TYUNRND INY DOP DIYD P’ DINNN

1 23 45 67
1D 0 = :S7-2 INaN DMMNN DY DONo) L3.21 At
4 7315 2 6

AMNNN DY NAYD OONNDY 90N DNPID 0T DINNKD NDIOND NMN NDD
DWNS a2 >nnnn
1—4—1

DN ,T7> ©wNIN Nyd (1 4) Mmnnn IR 1D P DNNN T DY NNOA TN
INN 190NN
2= T7T—06—2

,0NNYY O9N DIDNN INYY 10 DWY  .DNOA (27 6) MNP DX YIAP) N
P9 55,3 3900
o= (14)(276)

nown O'2 NY 91129 19010 Yo 7)) n:yb DATINND 29D NOYY IWaN .0'2 NN 2VN)
| ’
22y ,D90NNN DR DINNNY PP DIAN NININ

02 =((14)(276))*=(14)7(276)=(267)

WY YN 4

oMVAMMMMN 4.1

DWW NN f: G — H npnyn .mnan (H,e) (G, *) nynn .4.1 09130
DYPNN ONX MMN3N Y

Ve,y €G, flaxy) = f(z)e f(y)
:DNVANMMIN OV DNV DNDY INP NI PI)

H-2 12wn G5 99K )W IX BDOWOMY XIPI Y/NN XINY O0ammin .1
J: G —= H y>v o»p or

TVONDION TIDN NN H 2D 9NN DVOWDOR NIP) DY NINY OVONMIMIN .2
J: G — H ovomran o7p ox G Hv
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Isomorphism

Isomorphic

AlfBRYorphism

Kernel

Image

TVOWOWIR H-1 G0 9INX) BOOWOWIR XY O Y'NN NIiNY ovammin .3
G = H oy . f: G— H ovommvr 0»p DX

.G OV DWW NI fi: G — G OVOIMIDN .4

DVOMNMIPN ,DVONNPAN,DP97NMN , 09NN DV MNYN NN I8P NIPda .5
JNINNN 0N AORPAN 10 [0inD DPNIMIVIN

NPNYN DHYP DN PN OXR DVSNIMION NN f: G — H Dvammmin 4.2 W
gof=idgon fog=idyg-v 10 9: H > G

YTD MDD LNINYA OVONMIIN N NN g NPNYNINY  (1NDI) MOIND IVON
.g = 71 nman npnyn NINNS 90N OPSMMUN NN f OPINMIMINY NoND
NTY) TP2VMIT0T NPIVND [, NPDOPO9T NNON N NPONMDNY NINID 0) IWON
ANNap DYND M TON NMTY NN MNANND NPONN 2D MPPY DN NO

,D0097MIMIN 1N ORN IYAP .MMIAN P2 MPNYN NN SV Y N 4.3 9990
ND NN YD ON)

VPN OX NNP PN NN OV NNz — e 290 PITHmN p: R — R* .1
70°20)900 090NN

M ovaMaN N0 det: GL, (F) — F* i) .nTv F o 2
det(AB) = det(A) det(B)

D09y DY FPNVOON NXIVN DY HONDND IWAN DY IPNYNNY NN 1)
JooHNa (z,1,...,1)

YAP) DN IDAN D90 OVANMIMN NN = — 2 290 NITHmN ¢: R — R* .3
»(0) =1

2)7N2 ONXRIN LOVMION NN T +— —1,0 = 1299 N Tamn ¢: Zo — Qs 4
JP9NMIDN NVYND )N 2 9TON MMIANN Yov N

NN TIND MNON NN NI OV9NIMN NN f: G — H npnyny nTayn
Jleg) =ey 1

Sl =flg)™" 2

2099 MIPN 0N ONMPN DYYoNn . € Z 939 f(g") = f(g)" .3

oM NN N NN Jker f = {g € G| f(g) =en} M0 ,f DV YW 4
“P50 NManTnn” Nt DN 203 Twvnna) G S

H 50 nan-nn won Jim f = {f(g) | g € G} 195 ,f Sv tvmond .5
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|G| =|H| W ,G=H or .6

N ,NIPN2 XD, MM DMNPANMIMN DY DR MNONN LO0TY) 4.4 NNt
npnyn LF N Syn oMo oanm V.V v anyd 0120081 OTY
dimV = dim W my mman Sv ovonmmin (o)) 20 17V — W moINyd

7009MOR T NI5N2 ONN

L0202 OV NNNN T DY TN 1IN NYIAPI TPIRYD DPNYNIY T .(O0TD) 4.5 WD
J(S) oy masn f: G — H ovamnmmin nmmn X G = (S) ox ,nimT 19182
PTIN (TN XY OV IDANR) DN NP OV NNNN DV NY AP D NOV 25 v
DUANMIN NPT PN p([1]) = 1295 NN @ Z, — Z 5vn5 .0vanmnin
TAN TN 200 NITIN NPN)

o)) = (1] + -+ 1) = o(1]) + -+ o([1]) = n

,DIXPN P DOPPNNY DO DOV PITa0 W 095 19Na Lp([n]) = 0 v T8
DDANNINN ATIVY XTI ,DXINPN MNNN DY D) DNPPNN

DPPNN XD VTON g € G 959 »5 N .oveMIN f: G — H o1 8.6 9390

o(f(g))lo(g)

92PN MRNWNN DY [ NR DY) g7 = eg NN 9D .= 0(g) YIDI DN

f9)" = [f(g") = flec) =en
O 0(f(g))|n P03 3.3 NIyv 295 199
MPINMON )N 4 ITON MNIAN NV Y5 ORN 4.7 99N

4 9700 YR W H-2a00 235 ovwy JH =74 N G = Zy X Zs N2 IND NS
N1 € H wmd 4 9701 AR OV 9700 N L, G — H ovammvx i N
ND 9270 190 ,2 WX 1 9700 0NN DO G NNMANA MPnn DY AToN DX Ponn
JP9NMIPR XD MMAND 1O 3o
MYXYIN NPSNMIPN MNIAN 199 ,D2I2RN ITO DY IV DVSNMPN ,Q0N2
MY 0, MMANA DR ITO DY

im f N 7928 G ORY NN .oV f: G — H > (1025) 4.8 THYO
JPoaN H OR P OXR 79aN G N ,G = H ORY 0N .1PDAN

JOOPN im f N, OpN G ORY I 009N f: G — H o 4.9 9990

x € 1im f o v ww won (f(a)) Cim f 2 M3 .G = (a) M1 DN
TPOMPAN NN NN im f 2) f(g) = 2-v T2 g € G TR W 329 INYOD TN
199 .g = aF-v 0 k € Z 0»p mops G-v »an (G v

z = f(g) = f(d") = f(a)*

O f(a) 5w nprn N NN AN 9D MDD,z € (f(a)) 2D NHM
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JP9NMITN YN DN0N ATON NPOPPNN MMNANN DOV PPONY 1N ONPN 22X INNN
DY NYTO PANY Y TNN DD NN DY ATON IX L, TPOPN NaN "2In9”72 NRYD ON
:DDONMIIVN YT TY

29 W Zop =2 YR TIOWORIR TIPS N3N 7D .4.10 vawn

(9N Man DX W oY) Upg = Oy = Zy- nZ = 7. .8.11 Dt
2. S5 — Zg DVONMIVN DY ONND .4.12 99N

JPODIS Zig 120N (TPOAN NI 1DAN NoD) O8N KD S50 ) ND N
f: (QF,) = (Q,+) DPaMMPN D”P DNN .4.13 99390

935 f(a?) = f(a) + f(a) V192 ,PPANMPNR NN f 2D NSV NP NI N
NPH W AR Oy NN f-w nan .= § 4+ 50020 own e = f(3) Wo) .a € QF
JS(x) = 5w mon §-5

DINNYNN NN NION NODP

f(@®) = f(z) + f(z) = c= f(3)
A3 ¢ Q0 nPNo w N .22 = 3 NOP Y'NN NN f-v 9m
tH = (5) <R* 2O f: H — Z3 X Z3 DYOINPAN D’P ONN .4.14 9990

N im f D) IN 0PN NN H-v an D f 09pw nDOva N) LN WO
NMANN D NPND R IR Am f = Zg X Zgz D 92p) 190 oy N f DaN ooy
JPOPI8 NN Zig X Ly

21 GLy(Q) — Q° ovammmm 0»p ONN .4.15 99390

NI L[ GLy(Q) — im f 018082 112N .M f DPPY NYOWA ) KXY VN
ADOP9NMION NN fINLY'NN f-W )90 DDONMAN INT 1D WATNY) DHINMIDN
DPN0 RY ,9aN GLo(Q) Dy M9 .YaN im f 199 im f < QF »5 1o

A3 IO PIIWR VO LMPOn
2009MMIOIN XN i(g) = ¢~ 290 PTImN i G — G NpRynn NN .4.16 993N

NP N PITAY AIRYY O YN NN DNNYD DNANK NN APNYNNIY NI NN
5 25 OV g, h € G ViV (DVONIMIN NN YD) NDIYON DY NIV ¢ DN

i(gh) = (gh)™' = h g = i(h)i(g) = i(hg)

JPOAN G OR PN ONR OVONMMIVIN NN 7 MDD .gh = hg DX P OX OPPH> NN
Anversion Y202 >TD N2 NPNYNN DY DV AN NIYND
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POINN NNAM NN YV o 4.2

Transposition PN NIPY Sp-2 2 TINRD MDD 4,17 AN
DN NS95Nd WY M (ag, Gg, - . ., Gr) AN 9 4,18 THYV
(a1,as,...,a,) = (a1, a2) - (az,a3) ... (a,-1, ar)

25, NMana w 2 <7 < n TINRN DIMNN IND .(O0TD) 4.19 N

JNOND NMIVON (7:) Y 7 NN 0900 1 DM LPNOYINMP NORY T INNO
,IPIVAN T ANY NVIJD JAN MNY DXDIT -1 DI9DNN 7 NN ITOY W Nyd
MY DT DAINNN 1 ¥ 2D

(a17"'7a'r’> - (a27"'7a7‘7a1) == (a'raala"'7a7‘—1)
WS- T TIND DINNNN I90NY DAPY -2 991DN 190NN NN PYNY )00
n
. (r) S(r—=1)!
Sign PN TN WY DN IN L TIRD NN 0 O .4.20 NN
sign (o) = (—1)"!

T,0 € 5, 995V T2 PXPNON NN >N ,S,-2 NINN 9D DY 10N NN VN T
o»p
sign (o7) = sign (o) sign (7)
OV YYD VTIND MINK MNPY DT ¥ 120N AT MY NNDIN XOV 25 MY
LDY9DNN 990N NN 28D Swnb NN
Even W DNDN OV —1 MDY NINND AN DNDN OWa 1 MoV NNND XIPI
permutation IR

Odd permutation
92530 NNP N DAN NN DY YD AVYND NYTO WD Mt .4.21 T

2o N0 (35) (49) Dnn et R AN XN (35) ponn .1
.(34158) HonbH 1A NN XD ONTON TINRD MNNI .2
JOM NN NN M NN L3

Alternating NNAN NNANTTNN NN A, (DD MMNNN NNAN X)) POYIND N3N .4.22 970
group S, v
A, ={o € S, |sign(o) =1}

NMaANNN NN A,-v ND NINR 7T LA, | = %’ N A, DY 270N .4.23 DY)
.Ov9NMIMIN NN PN 0 A, = ker(sign)-v 25 @Y NN S,-2 (7DD 1D2aN))

JON Az 1m0 Ay = ((123)) 0 av oows LAj = {id, (123), (132)} .4.24 hnnt
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MWIAN DN S

WP vavn 5.1
Cayley’s theorem .G = Sg DWW DY R .ON3N G N L0097 vavn) 5.1 Vavn

noe Dy T XX-2 M>onn NPYPNon N¥IAP NN Sx 22 998 L(AREIN3) DROW
oWV VNN PNPNS OORM g € G Y35 X Y DMUDWDD MMN3N XIPN N300
D(g) = 1,099 ©: G — Sg PN VP U (a) = ga Snnwn Y93 030 [, € S

oPpn g, h € G 520v OO IO .Oov9NMIMIN P-v X NDNN

lg o) lh = lgh
@ TNN OY MO 0 a € G Y35 DX PN OX NIV NPNPNN
(lgoln) (a) = 1y (In(a)) = l,(ha) = gha = lg(a)

DPPIN N g = [ ) Y'NN NINY MININD 27D .0vammin ¢ 1o,
g=g-ec=ly(eq) =lylec) =h-ec=h
L Sa-1 nown G o g = h o

PMPIY NNIAND DN IR PO .G — S 112W Man G = S5 IN2) 5.2 DT
{1=id,2=1(123),3=(132),4=(12),5=(23),6=(13)}

NN - NNANN DN DD NN NNV g-2 IRNPYN D93 XD IR g € G TN DD
;g = (123) 5v NNn NN 2WN)Y HVNY .Sg-1 g YV NHNNN NN N

dy(1) =2y ,1—2m55,(123)-id=(123)

1g(2) =319 2= 39m95,(123)(123)=(132)

1g(3) =119 3= 1995 ,(123)(132)=id

dg(4) =639 41— 6 M9 ,(123)(12) =(13)

dg(5) =499 54 md>,(123)(23) =(12)

1g(6) =513199 ,6 — 5 Mo ,(123)(13)=(23)

YD MININD 191N ORN.DINAY NN 290 g — (12 3)(465) 950 TJon
NOIX N POMP VYN MY 29 v 2(14)(25)(36) o0 (12) nmn
1S3 <= S3 NV WY DYTY

2Sp 9% DN3INTANT ONDWIR 72 ATOY G INOYD N3N 9D .5.3 Mpon

9% DN3NTHNT MOWHWIR 72 ATIPY G VYD W3R 9D I F oy 5.4 MpoN
GL,(F)

GL,(F) 5% nMan-nno manmivr S,-¥ IXIN :DNND )
GL,—1(F)-2.S, "R 29210 0Mp .G — GL,_1(F) o»ammmm INsD DN

OV |G = Zg N, T0AR G DRV INOIN .6 9TON NMan G onn (M) 5.5 990
G = S5, oaAR N G
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mponn 5.2

VT ,g € G Y95 nan-nn H < Gonm ,nan Gonn .5.6 1910

Left coset gH ={gh|h € H} C G »n H 33 g 9 MIRDVD dpnon e
Right coset Hg={hg|h € H} 20 H 3% g% MDD dpnvn @
.G/ H 203 nVONNDYN Mponnn qON NN
NMaANN-NN Yy YonoNn ,G = S3 NN NP2 L5.7 g
H={(123))={id,(123),(132)}

:G-21 H 5v nvd xnwn mponnn

id H = {id, (123),(132)}
(12) H={(12),(23),(13)}
(13)H={(13),(12),(23)}=(12)H
(23)H={(23),(13),12)}=012H
(123)H ={(123),(132),id} =idH
(132)H ={(132),id,(123)} =idH

Ay
Ss/H ={idH,(12)H}

:H = 5Z 5w nvoRnwn mpbnnn Yy 9onon G = (Z,+) DX N2 5.8 Annt

0+H=H=1{..,—10,-5,0,5,10,...}
1+H={.,-9-41,611,...}

2+ H ={. —8—32712“}
3+ H={. —2,3,8,13,...}
4+H—{”w—,—L¢&mwu}
5+H={..,-50,51015...}=H
6+H=1+H

T+H=2+H

DV ,Z-2 57 5% NVYONNY MPoNN wnn ¥ 000 T2 .ANRDD 1)

7/52 ={H 1+ H2+H3+HA+H}
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H = (2) ={0,2,4,6} 5y 9onom ,G = (Zsg, +) DX NP3 (10T ¥ ON) 5.9 DNt
N NYORNYN MPONNN

0+H=H,1+H={1,3,5,7,2+H=H

992 191N
ot H = H, if a=0 (mod 2)
1+ H, if a=1 (mod?2)
G=HU(1+ H)-v 25 0w

(NPIPN IN) NPORNPYA MPONNN NNNNIY MINDINTIN MINRID NIV 295 510 DIWYD
oM L,T0 DY Qo .G OV gy sy H < G nMantnn by

a~ygb<—aH =bH

NNY 000) .G 5y M>PY ON W a,b € G DIDN VY DY MPONNN P2 1PNV DY
N2 VOVYNN NYA

W o.a, b€ G YO MR I H < GHon ,on3n G ODn L(NRYIND) 5.11 vawn

a€ HoxpnoxaH =H v b lae Hoxpnoxad =bH .1
aHNbH =W aH =bH o»pnn bH-Y aH mponn »nv 500 .2

R TIRINN U gH = G :ann 5o X0 MpoNnn 93 Sv TINRN .3
gHeG/H

YRIN PYDN DX P NN .ATTA NPPORNNN DN NYYND N (NXYINT) . DPW

DTN AN MY VI .ah € bH b € H 959 7R aH = bH oR (<)
NI5N3 95 ,a = bhy € H-v 15 hy € H 0”pv yan NN .a = ae € bH
.b_l(z = ho ceH

.a = bhg 39 .b7ta = hy-v 75 ,hy € H 0»p nx b~ ta € H-v non (=)

ON YA .aH C bH Y95 ,ah = bhoh € bH-v o»prmm h € H 935 ,nny
O .WH = aH n1on2 135 .0H C aH-v 19N MNA 9apn b = ah, ! ®N ,a = bhy

{gH | g € G} nvONnwN MPoNnn P2 99 VNN DINRNN NNPP L(MRYINT) 5.12 YD
(Hgws g~'H) »a5 {Hg|g € G} nram

gH w— (gH) ' ={(gh)" |he H} ={h ‘g7 |he H} ={kg' |k e H} = Hg™"
VNN MPONNN 1901 MY NPONRNVYA MPINNN 190N 129

NIPY M 190N G H] yeoa G-2 H v Mponnn 19010 NN 12D .5.13 0910
Index of a .G-2 H bv DYINRD

subgroup
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APNIY MINONTN 29 DY .5.14 HNNT
Z:5Z] =5 1
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NKYY DA NIMY NN d XTIDN NNONN NN (0D IX) 212D (n, e) M NN
D0V IMND TN PRY 2OV It D)

NN .0 < m < n OPPHRN m 90N NN OOND M nyhin NOY 212 :Mash
D 90N W PRI JOINA ¢ = m€ (mod n) MAXIN NYTINN DR NOW
DN TNRN 0NOY MANNM ,NIDYO 9120 21av MY My SV

YTION NNONN NNYA m NYTINN DX c-N NNAYN OON :HNY

Ad=m“=m (mod n)

p = 61 NN SUND DVN DOX TIND DIVP D900 DY NNNT NI 8.2 NPNY
VNN NN . = 539

n = pq = 3233 p(n) = (p—1)(g—1) = 3120
NI MYV OTION NNANN .p(n) = 3120-5 It 1RV e = 17 MOxN Ty ININ NN
d=e'=2753 (mod 3120)

YNVNN NNONN DN DDION NN DIPINONI ONIVYNRIN DADYN Y NN O»DY »T)
(n,e) now
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DYTINND DN AV NN JDONY m = 65 NYTINND DIN NMOYY NN 21 N
NIONINN
c=m'" =2790 (mod 3233)

2N ST HY NMIN NIVON DON NYD .DOND ¢ NN NOWVN
m = 2790°" = 65 (mod 3233)

M2y MY MYYNY 091 NPINTIN MPIN DY D»»aN aOva DWW NN

NOXY) DN NNY NPTN WD T DY IN PPON NPIRYD VAYNI MANYIN TIND

MNP DAY 29 W) M7 2WNY Swnd (NP IRy NINOYN D) NNIPIN
22N POANDI NYPINTIN MD9ON 17 — 1 = 16 ©Opna 195,17 = 10001,

'=m-1=65 (mod 3233)
2=(m)*> =992 (mod 3233)

)" =1232  (mod 3233)
97 = 1547 (mod 3233)
m'% = (m*)* =789 (mod 3233)
=m (m®)* = 2790 (mod 3233)

3
|

MPYTN NP0 DAPN Mt (NNINKI NNYRI NNY) m-2 NI IWYNIY 2D O'W)
VIV IOYY MPPA .NPDON 1901 52PN Mt W22 NOYN YR 1N ,100015-2
NVIVAN NINANA PDONPI

2
) n k
k
2

2
m <mL J) NN ON k
nNoYN Sv moe |log, k|-2 ponond on pnwss k may mF awny wno 7o
NYINTIN MY9oN k — 1 opna ,nradmm moadn [log, k-2 9nvn 995 w1012
2 NV naya 2790773 (mod 3233) NN 2wNY 133 10) LN NP3

NVPAINVIP NPPNNT YNNWND ONTI RO wNnv NyTo W L (INIMN) 8.3 WD
230 DINNA DN T DY NPTPITH NN NOD .02WN DDIND 72D DYDY
PNOY DOVIPN 22XD DX IWARY M2 MOPNN P TP MNON MMV Nna
SN2 DTN NOPNN DNV RO MNNIN NPY DMV KD OIVNIY NN D

LTIV T OTIN Y)Y NapNn

NNND P NI OX ML MMYNI RIPI p ONYNRI 19010 (It v DON) 8.4 990
DON RSA 0Oy 19810 9010 DOND MOYO N7 22 MNWUNRI ¢ DY WNRD p =2+ 1
NOY YN NNANN NN NNDIN ,p = 2¢ + 1 MO XNYUNRI NRYND

n = pqg = 60031, e = 4761
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NN ¢ = m® = 19033 (mod 60031) maxmn AyTInn IR 1Y NHY 112
p(n) DN NINNY HP NNY 1PN PN NSV AV m YN

DAY N DX PI9Y VAN D NIV NNPN ND DON DY DPNYNIN NN HNINO
1 NINVYNI INIAN TN AIRNYHRND NIND

n=pq=(2¢+1)qg =2¢* + ¢ = 60031

9900 NN ¢ = 173 onn Tnr pay —EE 200081 — ZLE693 3908 5w 15 ww
wn)=((p-—1)(¢—1) =59512 95 .p = 347-v XM pyav

DIPIMON NN YN .d NX 2YN) N2°NN ,NOY AV NYyTINN DX NINND 71D
2NN OTOPIN

(p(n),e) = (59512,4761) = [59512 = 12 - 4761 + 2380]
(4761,2380) = [4761 = 2 - 2380 + 1]
(2380,1) = 1

ONTPNRN DWNN

1=1-4761 —2-2380
=1-4761 —2- (59512 — 12 - 4761)
= —2-59512 4 25 - 4761

cd Aptnn NN 2AVN) NYTNN DN N9 T .d = et = 25 (mod 59512) 199
195 .25 = 110015 »> 950 .01 NYa

232P) NP2 O»NNHN OPINDNN NIANND

-1=c'"=19033 (mod 60031)

¢® = 19033% = 28035 (mod 60031)

¢® = 19033 - 28035 = 34627 (mod 60031)
2 = % = 34627° = 29966 (mod 60031)

c'? = 29966% = 17458 (mod 60031)

c®* = 17458% = 4377 (mod 60031)

¢®® =19033 - 4377 = 44444 (mod 60031)

m = ¢ = 44444 2on nyTinn 19
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Discrete
logarithm

problem (DLP)

Baby-step
giant-step

PIDN-29T DIINIINY T97AN DINDN Nya 8.2

VNN b= ¢* o g € GO .nMan Gonn (TN oo n»y1a) 8.5 ya
mMMINaY 1anon  log, ~-1 PINON NN OONDN A TN T IR NINND NN
VP PTY S TIND ) 191N NNAND NDYAN NN YNND N’ ONX 1PN, NIPNRNN

2 DR NINND (599N NN MNAY NOY NN 19T NPDIDO) TIND

TIOPNN NNANA P NYYND NPOW TTIN ONINON DYV 20 MY 8.6 TP
SV NI TIT  DVONMION N T IMND NPOPNN MMIAND YOV MY (g)
YIN NN TN OPINON NPYA YN PNIND OV OVIPN DX YApn NMann
MPNN ,NI9NN ,MNNSN NAYNN D ,MAT NPIIMVYIP NI YV DDA NYPN

J9MNVOIP 2120 NVNPN NPOVINT

DIINON NPYAD N2V NN RO NN Z, TPNDNND NNIAND NN NNNT 8.7 At
-1 =0 1HwI0 NN yan g = 1 orv 29 v Z, = (g) ) .TTIaN
DN TP PNIIDNY PYIO 190N NIN ORIV PN -1 0D 29 v .z (modn)
Ly, OV

DONXINY NN NN ,A0N OTNN 72 IDTIN NN DDV ,Z,, DV NP9’8IDN NNONN
Tg =-V IO NINND O DR A € Z, Y2 .g # 1 man vin panad
AVND Y IMRY g1 9995 090 O 199 L(g,n) = 1 3 WY T A (modn)
. = hg™! (modn) XN PINSN 125 M2 DTOPIN DNINON NIty

WY NININY TTIAN ONINON NMOYIA DY NOPNN PN L(PIY 1TYNY T 1 TYN) 8.8 YWYV
oV NN MINANN LTPDNRI IMD NOPNNN NAINNNN DT DIVNIS INAD
M9 PNV ¥ DPNINDTIT DISDNYY NN NOPNIN

= g" 7M1 Ton G = (g) OPY NN NN ,DTPN NI ,Yad vOPN
0<1i,7<mMmyz=1in+j»290wn,m=[y/n] P03 .0 <z <nNnovYMN
125 m D022 NN IMND YD .DNYID

h = g:c — gim+j — <gm)zgj

;TN YY) ¢ TN IR Pon 0 < § < m 939 Nav NYav nMa Dy NMm
DIPINON NRY ¢~ DX 2WN) 191 INRY (g7 295 232°) NY2VA JONNY INXTD SN2
a OND T 0 <@ < m DY DN . < h MNWYN SNNRN ,ANNNN OTHPIN
N9 ONY 7 = im + § NAWNN NN MM o = ¢7-v 75 j D”P) 10 ONX :1YavY POV
SINDIDA NRAN TPNIOIND (PIYD OTYN) a <— ag” ™ DY YN

AN NPIVO NN NNV 9N J{NRD XTD m NAY NNV TIY NN J20D N2
9200 MNay O(m) Y¥ DIPNn NPOIVD W NN DIIIROY YIP) 5 .0pPNIM
MN0 03 WON .0 < i < Dy 8T NaY NN May O(2) SV i neovo)
STIN TYN DY DN ,PIY TYN NN 1DV OIDNNND NIV DDA
g = T YRV O RN G = Uypp NNV pnwN 101 05 90 pnd .8.9 Nt
79 2 MY N8N = o(7) = |G| = p(101) = 100 2awn 5p 195 .N5VW I8P NN
.h=88=7" (mod 101)-v
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Diffie-Hellman
key exchange

0 <j<m My ¢ Mmpnn Y5 NN ANy .m = [\/100] = 10 o

jlo1r 2 3 4 5 6 7 8 9
P17 49 40 78 41 85 90 24 67

NNY2 N ,ANNMIN OTOPIN BMIOK 295 71 = 29 (mod 101) awn 15 md
g™ =7710=299=14 (mod 101) NN N¥N) DI DY WM
19202 NIVYN NNV XYM RO 2D 20 W) i = 0 My .a < 88 SNNN)
.ND3202 NMIVN NNV RNNI XD o PYOY D) .4 = 1 DY YN a < 14a = 20 2vn)
WM P00 VRNN 7 =4 MAY 1D 2D V) 4 = 2 Oy YN a <+ 1da = 78 2vn)
88 = 7% (mod 101) »> XY a3 9m x = 102 + 4 = 24 135 .nY303
h=D oNaD PRI NADN NNIN D30 VIV NNX DY NAVNY NDIVN

295 I, ATon G = (g) oY NN NN L(ON-29T NPIIA) 8.10 THYV
(PPN MO0 GINND INY) TIND T ONYNRI p MY U, X MNA5 51pn

NNaMY a € [2,n — 1] >yav 1901 XINY PTID Y09 NNAN ¥ NYIL YINWN Y35
29MYN MO 0P INDY ;1A DX ,DVNNYN MY PN .¢% (modn) NN

N N2 PO NI g% (modn) NOW P MBNN NNAND NN 2120 NN DOR .1
.g° (modn)
(g™)? (modn) NN awnn 212 .2

(g")" (modn) NN MavNN DYN .3

9% (modn) qmwnn TON DY MYTIN PA¥NS DN DITTYN DY Ny

Y9 RO INPTIDY 9TV XD 212 OON DY OMON NNann TYNNA L8.11 YWD
LTON2Y NIYON NNON DX MANNN NNONN AVND 1) MDD PIVNPD NIN DNPINDND
IN) 2120 N OONRD TIATA AINNNND 51D 9PNy NN NNX 1M NIPNN MNad v

O NAPNN NYIND DNIOMNN INY DPIVIINNA DVNNWYN D92 199 ,(0MIvD

p = 23> (TP MDTNI) DIVP DIADN DY DNINOND NN Y73 .8.12 NN
Uss = (5) 98y 9n23

b =15 970 212 5% = 8§ (mod23) N 2125 NSWN 1391 ,a = 6 N9HN DON
2121,19% = 2 (mod23) 2wnn ©ON ny> 5% = 19 (mod23) N DORS NSV 199
815 =2 (mod23) awr

WIUN YN 9

NYMIYRY NPYTAY P29-99910 OMIMIR 9.1

DIPIOND  .0”YA0 DI9DN DY NPNYNI NPXTAD YI19) DIPINNON PN M P92
DO MM 1980 M AN > Dy 1976 MV NMD) YODIPNIVT NIN 2 NPNRN
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Carmichael

number

Strong witness

Miller-Rabin

primality test

N .DPON NN NN PMIANDNN NODN .P27>T DY DIPINONRN OV NPMIIAN0N
TPNIVRD MNO2 NMONN ,NON) MIANDNA DAN ,MNTNA MNYNI 190N 9D NN
JNYNID P29 790N DY D) PION NN ONINONA (MIN)

MYNNYN THRN VYND ODT) DI9DN DY NPIYNI NPPTAD NN Owoaa
Baillie-Pomerance-Selfridge- 0171582 X ,)°29-990 OPIMON DY MNDDA
Mo 0y womn onoRD OpenSSL 11902 Swnd amin 90onn Wagstaft
SN RN DN IR DINND NNDND LD YDIPA ,MINND MDY

P ORY NVIN NN DY YOPN VIYNNIY NIN DIPINOND ©0I2 NMIPYIN TN
N-5 0 a 95 yayw N 219 7900 .a < p 999 a’~' = 1 (modp) W IWNA
P79 1900 MY NN NPY NITIN 390 oy Xy oVl = (modN) o»pn
™OMN DN YN 9PPIP 90N NOPN P .a” = a (mod N) o»pn a 935¢ N
AOND D901 D) MMD MONN PAI-1D DIPIMON Ty

DOWNIN OVNYN DIONON M AWRD N—1 = 25-M »8) 0nwRI N > 20 o))
ox L(Fy 2200 nTva 22 — 1 ow9on Sv oww) +1 p7 on N oTn 1 Sv
(N —1)/2 ox nys .41 20 a™N=D/2 oy syamn wwn i eV~ = 1 (mod N)
W aM = 1 (modN) D7pr> NION2 I 2T YNV DNPS PYnnd 5on
PNV D TN ON 995 N May anwds 0 < j < s My a?M = —1 (mod N)
AN ,P19 N 2y N DY NPNIYRID PN IY NN @ 900NV IR O’PNN IOND
N Sv oprin o7y on N — 1 7y 099010 19 Y27 NN 255V oD

YIPN £k 901m99) ,N > 9 01 OX 1901 NN VYPN (P2I-D0D DNINON) 9.1 THYO
ANANN PYT DX

MYNRT N 9m15I) YN IR NINKY P9 Mva N OX “pr19” XN Voo
P19 N0 47F 79yan nomin MmHanona N

I9IND @ € [2, N — 2] In2) NN NPXTAN DY DY k INDIDA NN DY DR
2 — a™ avnyn RPN

2oMm , N SV NOVRID PN Ty X0 a RN T —1-2 N 1-D 9pw & ON
LT DXTYN NRDID OV NRAN MPSIVINRD PYNnD

NN NPXTAN DY DMYs s — 1 0Rng ANDDA N ,NINN
X 4 22 avm
HP19” v99N NN PN,z = 1 (mod N) DN
.DTYN NROY HW NN PXIVNRY Nayy @ = —1 (mod N) oN ,nINN
—1-2 5w N a?M N 9" PNy AN, D970 IRDIDNN NNY NY ON
0< 7 <598
HNYUNRT NN PN D2Y0 NPNIVIND £ DD DX NIAYY NIPna pI

N-v Dyan 19901 2IWND NN PPN MDANDN NIV 1AND (MYAI) 9.2 9190
>3 N DV FPINYIAN MINNN NOA W D9INT DDIN 110D INND MDD .2-2 Ponnn
.S NN NINO
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https://eprint.iacr.org/2018/749
https://github.com/openssl/openssl/blob/master/crypto/bn/bn_prime.c

IN 220 NN PAYM DN NNYA NPINA INOYN DY NVXYA VNNV DN
5y Yt NPIDO NN 19w war .O(klog® N) non Dmanora Hv yatn npm1o
N SY NVYHIYNIN NN PITAD NNV NTYN NP DNIMNND DNNININL VIDIY >
POV YNIVTN NN N AKS 0mmdN Hwnd) log N-1 3519 XIiNY N 0l
LOPNYNT DNIND OI9DN P11 NNY PYA Y ARIN (PAI-ID0) DY

N PAI-IDN0 DIPANORD ODYNIVT NI ,NOOMNN I NIYYN NNN
NPNYRIY P01y NN [2, min(N — 1, [21n* N )] yopa sy20 1901 95 ox0 ;1725
P70 0N JOoP N May AN NN Oy ANy ONNINONR o LN Sv
DXTY OV YOP 2T 1901 595 7772

s=299 .N —1=220=2%2-55 nx »X) .k =29 N = 221 r) .9.3 annt
M =551
"D avN) .a = 174 € [2,219] IR (TPUIND TP 292) INIPN 19N N

aM = oM =174 = 47 (mod N)
717233195 211 o1 m £1 N 47 05 25 oW
a®M =174"° =220 (mod N)

Y TY NN 174-9 IR pNWURT NN 221-v IR DY 220 = —1 (mod221) on
avn) .a = 137 NN ORIPR I90N DY Nyd NON 221 SV NYIYRID

oM™ =137 =188 (mod N)
a®M =137"°=205 (mod N)

Moo 221 5v MpIon DY Tyn 137 1921 ,221 D)7 —1 NOP RO ©pnn YA
221 =13 - 17 o) 99" iy 0nINOND

NIPNA N2 OX N — 1 = 780 = 22 - 195 NN »8) N = 781 n») .9.4 nnnt
’3 02P) ,a = 5 NN (NPI2YN MWTPN *9D)

5% =1 (mod N)
’2 DAy ,a = 17 NN N2 ON NYD 781 DW NYHIYRID PN Ty NN 5 DD
17"% = —1 (mod N)

781 199 2780 = 243 #£ 41 50 1Y a = 2 NN 1T ON PN Ty NN 17 03 P9
81 =11-71 1PN MUNRI PN
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https://en.wikipedia.org/wiki/Miller%E2%80%93Rabin_primality_test#Example
https://he.wikipedia.org/wiki/%D7%90%D7%9C%D7%92%D7%95%D7%A8%D7%99%D7%AA%D7%9D_%D7%9E%D7%99%D7%9C%D7%A8-%D7%A8%D7%91%D7%99%D7%9F#.D7.93.D7.95.D7.92.D7.9E.D7.94

Normal

subgroup

NHYIN MMIAN-NN 9.2

DYPIM g € G 939 ON MW N3ININ XYY H < G nMan~nn .9.5 910
H <G yoy mt npna gH = Hg

DNPY BIRID DR LH < G DN3INTHIN DN L9.6 Vavn

H<aG A
gHg™ ' = Hovwnw ge G997 2
gHg ' CHovomw ge G99y 3

G R Y DINNDY) DIONDIDN W PYW R H .4

,23 PYD DX I 2 PYD 0D MIA .2 PYOY PV 1 QYo 0D MXID O IHPIN DHINOW
2 92p) g 1Hg C H on gHg™! C H oX > 25 0wy »wn 1110

H=gg 'Hgg ' CyHg ' CH
L1 .00 MMan NN TN WOV NP ,DINRD NN I 4 PYOV NOIND Op

DN >IN .NPHNIM 1N NOY MMIANNTNN 5O N ,YAN 1NN G ONX 9.7 DT
NY NPYNI DADND NN DI NS 190N g thg =h € Hw ,he H <G
'gh = hg-v 725 "Opv

M NTHNN 9Y NN MR War LSL,(F) < GL,(F) o»pnn .9.8 hnnt
o”pmm g € GL,(F) 999w A € SL,(F)

det(g ' Ag) = det(g™") det(A) det(g) = det(g) ™" - 1-det(g) =1

g tAg € SL,(F) o
ovaNMMINN YV Py NN N SL,(F) »D 25 ovh N0 INONY NN 11T
Ap <0Sn 00w i pon R .det: GL,(F) — F*

(23)((12) #((12))(23)»mommmnrn((12)) <S5, nMann-nn .9.9 Nt
H <G nr .2 op1yxn nmannn H < G onn .9.10 2)yv

MpPoNn >NY P W oD oyT DR LG 0 H| = |G/H| = 2 noww mH . omom

NI (TN DON) MPONNN 0 NNX DY MPONN N PN ,G N2 H Sv nOHRHpY

ONNYN NPONNN IR L H DY Mpdnnn DY T o0 G-v Ywon .H = eH = He
G\ H v19n0n N0 NINKRD 12300 Nponnm

aH =G\ H=Handnaw,a¢ HoNry,aH =H =Haw,u € H o

] H <G o9 ,aH = Ha ©9pnm a € G 939 995
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Dy (0)] = 2 =2 DR VOWY Y D (o) < D, BPRY .9.11 Mpon
[Sn  An] =2 MW (A, <S5, DD IRYY AR TIT DY |

ON oy XY T LK < H owmmawr K <G on K < H <G ON .9.12 2w
IKAQGEPmnmrow H1Gon K< H

O K (T) 219K VAN TP Myon 29Y (7) < (1,02) < Dy Swnd
.S4-2 MYT ND9N NINnY ) LDy-a

MMNIAN~NN SV NL95N VT .man-nn H, N < G viv .0man Gonn .9.13 990
nrnb
HN ={hn|he€ Hne N}

HN < Gwan H <G qomaox . HN <G 1w ,N <G or D )Hnom

HH = H 95 1590105 oy H -1 = H 9m55 591105 1IN0 NN AMaN NN
ww HN = NH 99 ,hN = Nh o»pmm h € H 5950 5apy N < G-v »an
T h € Honn € N ooopy ROX  Inh = hn NIONAY IMIN XY My 2D
.nh = h'n'-v

DIVRN OY (NPN) 120N PO e =e-e € HN v HN # @ >> 15 oow)
MMO M1 n; € N on h, € H my v ,nmwvwn nmva mMann~nn Sv
:HN 5v n5aom5

HNHN =HHNN = HN

hinihany = hihining = hang
22900 M,
(HN) ' =N"'H'=NH=HN
(hn1) ™" = n7 hit = nohy = hn),

HN < G o
Y9 g lHg = H o»pon g € G 999w ,H <1 G qona o

g 'HNg =g 'Hgg"'Ng= (¢"'Hyg) (9~'Ng) = HN
G-2 nvronI H XY N RO ox np m LHN < G o)
Center nnY G NMIAN DY DD DR 2 5)IN2 DI .9.14 HNY
Z(G)={g € G|Yh e G,gh = hg}

TRNY 20 Y .G IR DD 0y DAYNNNY G-1 DIDNN YD DY QOIND N 1INT
oM NN K < Z(G) nman-nn 95 nno wan van Z(G) o Z(G) < G
725 7YAN NI5NA NN YN NMANTNIN OXD .G-1 03 NOR ,Z(G)-2 P N

SLy(R) < GLa(R) May Hwnd NOW 19N

45



Quotient group,

or factor group

"IVY DN 10

7 mman 10.1

H < G nannn v G/a = {gH | g € G} nrONnwn mponnn qoiNa 1nan
NI NN DX T QOIN DY PTIND IWON

(aH) (bH) := abH € G/u

DTN AR MDD NIpRa LH < G OX P OX (IRT) 200 DTN N N0
JH-5 o2 G O5v oD 3N NP G/r nnanm eH = H Nnow n7ana
.G/H yon oy 52910 "H ¥9)7m G7 NNt RIPY D1y

’D 25 DWW nZ < Z 0D N2 .DOAN V9 ,DOPN NMAN NN Z .10.1 ANt
Zhng ={a+nZlae€Z} ={nZ,1+nL2+nZ,... (n—1)+nZ}

owan 0 <k <n—179WKRd k+nZ nMN N 0N ® 1NN OIDRN DD
N
(a+nZ)+ (b+nZ)=(a+b) (modn)+nZ

Zlnz, v3 29 WV .k + nZ — k (mod n) npnynn *95 Z/nz = Z,, >3 MR IVON
SO0 ITON OIDN Z-2 PR D IN) DNV OIDND 2D DVND | Z OV NNANTNN NN
(DTN 22RY V9

JG:G] =105 12 .G {e} mMmannnn nx v G nMan 95Y .10.2 DNt
Gla = {e} ovromvn v 0191 .G/ = {G} nMana TNXR IR P W DD
[ G — G HOorowa0n DYaNMmIINN 2D YYND  1ONIN NMaN-nn N0 G o
ker f =G 0”pn g — e 295 7 TmMN

[ G/{er = ovammn nw g {e} = {g} N0 0 0N F/{e} NN DIDNN
MR HP N DY .DPOMION JIN Mt Y 0N ONRY XN .g{e} — g 295 G
ONM NMANNNA 1™ PN {e} M0 id: G — G MmN Npnyn YY pynnv
G v

nMana onn JH = R x {0} < G-2 yann ,G = R x R nn .10.3 nony
0N NN

G/ = {(a,b) + H | (a,b) € G} ={(0,b) + H|b e R} = {R x {b} |b € R}
-0 PND DY APNN DY 0N DX MDD

D orpnn H < G nman-nm G 90 nMan May .10.4 Dy

o/l =16 H] =
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JG  H] =n < 00-v 75 H < Gonm (a0 XpnT Ix9) nnan G onn .10.5 990
a" € H o 0”pmm a € G 9395 yom

000 0PN K 90 NMANIY XN TINDON NNPONN 2 NNN 2D PO WM
Y G/H| =n» 0w np .aH € G/H »x,ae G kMl =enkeK

a"H = (CLH)n = €G/H = H
.a™ € H nop oo
002N 0NN NN G/E 00 N 2 opTeNn nMan NN H < Gonn .10.6 990

JG/H| =[G H] =2 p md .H < GG H] = 2 DRY 125 1R ZOIND
JPOAN NN Zg NN, DVNMDN XTI TY ,0NWUNI NINY) 2 9T0N DTN 0NN
JP9AN NMan X0 G/E 19

ma 9Ina .G-2 90 7ToNn DIDRN GO T o ,nMan G onn L.10.7 990
Ao T < G ,van G ORY ONXIN

T <G W (9an G orowvnd) T'< G oN .1

290 TON TN NN DTN AR G/T nann n1ana ,qona 2

"D 0PN g € G 939 .o(a) =n M ,a € T 1> JWYRIN PYON DY 2NN NN

(97 'ag)" =g lagg lag...g lag =g ta"g = ¢

T <G Moy g7 'Tg C T o9

YN0 V1TON egyr # &1 € G/T AR D»P 2D NPOVWA NI PIVN Pyon May
92pn ,(2T)" =T opmm .o ¢ T 99 e r =T N NP0 AR o(2T) =n
MOV 2" = e 139 (™) = e-v T3 m DPP IN PN I1TON 2" OX 2" € T D
OvrYnonvw el »

WY ,G < GNy 20 [T = G R Lo nan G o T < G- mnonT
YDON NY 2211 1901 95 MWD T = Qy =, 2, 8 ,G =C* on .G/T = {e}
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Center NN2APN NN G NMAN DY 1IN .16.9 DTN
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.G 99 nan-nn Cq (2)-v K3 )5 1m0
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Conjugacy class NN 99 IWDVID RPN NN P .z € GO .nnan G onn .16.11 H910
naPn

conj (z) = {gzg™" |g € G}

0PI x € G 939 .16.12 YD

(G : Cg (x)] = |conj (z)]

M5 3 = (12) (34) oy MaSNNNN S, MMINN 190N NN NN .16.13 390
By =B nmrpnn v € S, MmN 93

|S ‘ | RARRAD)
Cs,, (B)] = oo (B~ 10009 8 (n—4)!

AOND MmN 8 v Su-a1 Dwnd

MTRY NPoNN D NN LG Z (G)] = n-v 75 90 nMan G onn .16.14 990
DN 1 NN 955 N>on G-a

1P .Z(G) < Cq(x) opmm x € G 939 o
n=I[G:Z(G)] =[G : Cg(x)] = |conj (z)|

Class equation NR VYD N3N G Onn .(J'nanDﬂ NNNVN) 16.15 vavn

|G| = 3 |eonj(z)| = |Z (G)|+ > | |GG\

C
T rep. x¢Z(G) rep.

NPIND 7D 1Y) RN Y 9Y TV THIPIND 7D 771 IR DIVIID 0IND? 130D
AED RKIDWY TIDDYD IPIND 77D 3N WTDY

Zg-1 S5 M2y Mponnn RNYN NN DY .16.16 YN

MTNRXN NPONN 1921 PYIANX I NNIAN . Zg OV MPONNN IRNYNND 2NN NNO
6 = NYN Zg SV MPoNNN NIXNYN 1D 7202 TR AN NOOD AN DD OV
d4+14+14+14+1+1

2o NAOM S,-2 MPNY NPONN 1S3 OV MPONNN IXNYNN NN PN NYD
2NN VPO .6 =34 2+ 1 52p) 9D NNt DMNNN NN MOYa MNNNN

|conj (id)| =1 e
conj (=—)[ =3 o

jconj (— — =) =2 o
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p-group

Commutator

Commutator
subgroup (or
derived

subgroup)

N2 YN YD DY TN ON ,p-IN3N XIPN G NNaN ONYRI p o L16.17 D910
My |G| = p™ OX PN OX p-NNAN G IR, N0 G ORY IXIN .p DY PN NI
n € N nverx

2ONPIV PN P-NNIAN OV tDINNVY INDIN .16.18 99N

OPPNN MPINNN NRNYN 29 DY .p-NNaAN G NN NS

n o _ p" _  a n—r;
1Z(G)|=p —Zm—p - p,,l_—p —ZP

9TON DX PONN P ORNY PN 199 p-2 PONNN NIRNYNN DY P> PRV 2D O'W)
29NV NN 91 KO Z (G)-v yan won .Z (G) dv

POAN NP MY IV ININY M OT DY p? 970N MNANN DX 1PN .16.19 939N

|Z (G)]| € MY 95 15D PONMPIV ND 110NV YT X OTIPN 23NN 299 WIND
MY MY L7 (G) = G-v N0 AN P nva mHan AMany o {p, p?}
JZ (G)| = p? P1vnav s wby 135 0915 NMaNn oY TN NMINN
191 2IUNT TON W NNIANTNN MDD | Z (G)| = p-v MDD .NOW NDOWA M)
yam nyd b e G\ Z(G) sy |Z(G)| = (a) sv T Dy NNy 120 0o
SN 299 199 (@, b)| > p 05 M2 b-a DADNRD T DY NINND NNIANNTNNA
.G 95 2o {a, b) 995 .[{a,b)| = p?
NI, IPOAN NN DN DANY Y 0T DY NINNN NMNIANY MININD N DY
.ab = ba YD ,0a5NNN NYY DINPNIVY
NIN NI TI72) .G = Z (G) NN 390 .a € Z (G)-v Ton yan it 1R
(.79axR G 9 oy N G/z(G) 0o
Zy2-5 W TPOMMIPN p? 1TON 1NN YV HIAPI ,NPIIN MNIN 1PD VAYN 295
Ly X Liy=2 W

MOVIMPHD HMIANNN  16.4

MVNRN NN a, b € G OIDN AN DY WOODPDY  .0Man G XNN .16.20 D910
Ja,b] = aba=tb!

.ab = [a,b] ba 995 192 .[a, b] = € DR P ON DAONNN a,b .16.21 YD

PN (NININ NNINNN D) NIXIPI) WOVIIPD MNIN NN .16.22 19730
G'=[G,G] = ({lg;h]|g,h € G})

.G OV ©MOVIMPN D T DY NANNN NNIANNTNN MDD

.G" = {e} OX P ON OAN G .16.23 WD
JoaN G nMann Dnd Ty “ATTn” MOvIMIPN NNANTNN ,NVYND
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Simple group

Perfect

Abelinization

Ja, b7t = (abatbY) T = babtat = [b, a] .16.24 WD
H <G w H <G DN .16.25 YW

gla,b] g7t = [gag™t, gbg']-w M 285 Swnd .G’ <1 G .16.26 YD
200 .AYONIMN INY NAIN PN OXIN DYYND NNPPHN MNOLVIMPN NNIANTNN
oopm f: G — H ovamnmmn

f(la,b]) = [f(a), F(b)]

12039 DPONMVIN DO O»PNN M OININY MNIND 22900 G 5V NrHNRINN NNOIND
.G YV

ND NPONIM MNIANTNN PR G-D ON D0WD N3N XIPN G 1NN .16.27 NN
JORPIY

(TPYD XPNT IND) WOAN NMNAN .NVIWS 1 > 5 May A, NNann .16.28 T
ONYNT P NAY Zp-2 TPONMMIPN NN DN DOV NN

G = G or oo NRIPY G NMaN L16.29 AN
D7D KD IR IR R DW0WO N3N G DX .16.30 MIPpON

MMIAN~NN 1Y PR N0V G-Y 2O .NNTPN NIYNN 29 G < G OPpnn . DnW
G' # {e} ;oar XY G-v Yo {e}-r G norOIvN MMIANN VYN NPV
] .G' =G n1ona pb

NDY NV NN SVND Zs DaAN .A; = A, oopmm ,n > 5 M2y .16.31 Nt
JPDAN N D, NndvIn

NP3 DANTHD ITIRD VD RN, G W DBINMIIRD IRV /67 THHD .16.32 VYN
YD .G W

JoaN G/ar nyn ,G nan 935 .1

G/N mod) GF < N or pM ON oaN G/nv-v o»pm N < G 959 .2
AG/ar 90 DM NN

Aler 2 A, moaN A DN .16.33 npnT

de, 0%} = Z (D) < G-v 1 wr Dy = (0,7) 'NN .16.34 nnnT

(p? NIN NSV ATONY NPON) T9AN * NMIANNN . |P1/z(Dy)| = 4 NN ) md
16.19 2371 09>

N9 Dy nmann D) < Z (Dy) ,8vrharn Sy nvonopnn nnon 0ab 1o
W= Z (Dy) V25 .D)) # {e} 1991 moan

n>5 My S NN OINSD 16.35 9990

72



195 .sign(a) = sign(a™t) > 25 oW [a,b] = aba"b7 € S, > N9
sign([a, b]) = sign(a) sign(b) sign(a~") sign(b™!) = sign(a)?sign(b)* = 1

T NN NN DNVVINP DY NN DI DY LI NN NIN NVVIMP IO
SH< A, P9

WNY W Ty AL < ST omp msnw nayn 0a oy 0Y LA, <5, 00 oD
Snfa, = Zo ,NINN 7172 .S) = A, WHP 9D .A; = A, opnn n > 5 Nayv
S1= A, 9ap) SPYOIAND NYHOPN 285 190 IPYIANR NN MDD
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