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;YN NND DY PPN
www.math-wiki.com 9NN N8 ONPN qT @
0PN DY NN NNYN T2 DINYD YO0 2 TON 9mIND YanNa MONY e
NPXT2 0Y WAV DO 12 YN MMONY @
AN 7 OOIN e

DNTIP SNIN 299YN SY 1PV DOIENMY ,MNPN NN GONI M YIPa IIND @
APNTIA NVIDIDNIND NPPLNRNND NV NIAON DNPA

I TR0N Dy NIYN OO0 Nnvy e

099010 NNMINY Nan 1

107901 YV MXAP NND DI

oryaon oaonn N={1,2,3,...}

(Zahlen :1;m ) omdwn oMaonn Z = {0, +1,+2,+3,...}

07980 9N Q = {§

pEZ,qEZ\{O}}

.O»vnNnn 090NN R

.02N oaonn C
NCZcQcRcCorpm

Tk € Z 07p OR b DR PN @ 2D IMNY DOV DMI9DN a, b v 1.1 DTN
.—5[10 S¥nY .alb yaon ka = b-v

DN ¢, 7 YYD d #£ 0,1 € Z 97 J(ITOPIN NPIDN IR 71PN VAVYN) 1.2 VOUD
O<r<|donn=qd+rv 3>

MNva NPNaAN .d-2 n IR DPONN AWRD NP " RN Yo vavNN
INY) remainder-) (M) quotient t”yon NYN VAYNI OIVNIN


www.math-wiki.com

reatest ,9”101) YIVON GMVHD PINDN 1, M DXNOY D900 1Y 1MHNA 1.3 9710
g )
999NN NPNY TN DNYY (common divisor

ged(n,m) = max {d € N|d|n A dm}

(n,m) =1 o W n,m > MNI .(6,10) = 2 Svnd .(n,m) PI IV DY
(2,5) =1 5und

b= a DY HOINRYY 9N 9 PONn d N L d|b BN d|a DX .1.4 YD
(n,m) = (m,r) '™ n = qgm+r ON .1.5 WYV

D91 NN .d|m BN d|n D YT DN .d = (m, ) 229" ,d = (n,m) D) .DNW
A < (myr) 9op oM Jdlr =n — gm 99 0, m OV IRYY MPND T NN P8I
SV INYY NPY NI 1D (m,r)|n P9 (m,r)|m o3 (m,r)|r DTN 290 nyd
D MOVP YO0 T (m, 1) < d R (m,r)n O (m,7)|m D WP DN am, T
O A= (m,r)

THYOI AN YIDW HNY3 'Y ARSDT "R L(DTOPIN DIINON) 1.6 VOUY
(n,m) =nk m=00% .0 <m<nnmm? M DTIPIR DIMVIR R 1Y
W3 (n,m) = (m,r) Y YN 0 < 7 < m WRD n = gm + 7 3D MINK

(ABYD? 3IMN BIMMIIRD D2

DTOPIN OIPIMOR NNY2A 47-1 53 OV n”nnn DR 2vN) 1.7 DY

(53,47) = [53 = 1 - 47 + 6]
(47,6) = [AT =76+ 5]
(6,5) =1

O OPNRY 990D MAY NAON ANNT

(224,63) = [224 = 3 - 63 + 35]
(63,35) = [63 = 1 - 35 + 28]
(35,28) = [35 = 1 - 28 + 7]

(28,7) = [28:4-7+0]
0) =

(7,

DYPNY @, b # 0 DWW BNMODY D7 .0V MINYY NP NN 11AN) 1.8 VOUD
D
(a,b) = min {au + bv € N|u,v € Z}

3 W) (a, b) = sa + th-w 3D s, € Z DYMY 0193



NXI12P 1NN ONW
Sap = {ua+vblu,v € Z}

N YOPN VAN 9NN d > D € S, DYNO 0D NPT NN S, 2D 2D OV
S-2

19 s,t € Z oop R ,d € Sup-¥ MM .d = (a,b) > MNIND DM NN
O <7r<dawnd a=qgd+r 9apn IRV 0Y d-2 a DX PONY .d = sa + tb-v
D»PNN NYd

r=a—qd=a—q(sa+tb) =(1—gs)a+1tbe Sup

dla M9 o = 0 NI15M3 199 ,S, -2 NP2 YON YAV N d D NVINN YIAN
on (a,b) |a 3w T80 .d < (a,b) yan n”nnn NI 199 .d|b Hap) NMIT 19N
P91 ,(a,b) |[d 0792 b YW1 a SV INYY MY DD 03 PH N (a,b) P9 (a,b) [b
O (a,b) = d »o2p Yon 702 .(a,b) < d

owno nZ = {0,£n,+2n,... }-215¥ MNAON AR PO .0 € Z O 1.9 YD
Sap = 2 PO) INND Vawpn W 4Z = {...,—12,-8,-4,0,4,8,12,...}
(a,b) |z » o”pmn x € Syp 999 V2V ,(a,b) Z

2730 MINYY MPND NNNN NN DYV s, 1 DNTPNPN NN NINND 27D .1.10 NPNT
:2NNN DTIYPIR BIMWNIRID VNN

(234,61) = [234=3-61+51 = 51 = 234 — 3 - 61]
(61,51) = [s1=151410 = 10 = 61 — 1-51 = 61 — 1- (234 — 3-61) = —1- 234 + 4 - 61]
(51,10) = [s1=51041 = 1 =51 — 5-10 =51 — 5 (—1-234 + 4-61) = 6 - 234 — 23 - 61]
(10,1) = 1

(234,61) =1=06-234 —23-61 o9
.ale 22 WAN Lalbe o0 (a,b) = 1-v 75 DOV ©19UN a, b, ¢ PV .1.11 9N

c-2 9°92) .1 = sa + th-v 5 s,t DMNIOP PINYY NN NNINN PON 29D WINO
9D ,a| (sac + the) 135 .altbe ©Y 2NN 29D alsac *d M2 ¢ = sac+ the SapN
.alc

0NN SV MNON 112 THYV
eld 7N eln o0 elm-v 75 e o d = (n,m) > .1
(an,am) = |a| (n,m) .2

p|b W pla nN ,plab oM MWK p DX .3



PO NI N e|n, m-Y YW .d = sn+tm-Y Td s, t 0P .1 JNDHID HINWD
d DR R sn A+ tm DNOY IR MPN NN D)

(7Pan 90N Pon) .2

PIVN DR 9290 .sa+tp = 1-v 7 s, t 0P 199 (p,a) = 1 X ,pta O .3

J(plab »n) SMRY PR DX PONN p 2> NI .sab+ Epb = b 5apN b-2 PINND
p|b MY P PN NN PO p oM

O

TMMOD NOMVYOD DNOON 1, m DOV DI90N MY JNINA .(1°2D) 1.13 A1
nrno NI 0oV (least common multiple ;n"1n>)

lem(n, m) = min {d € N|n|d A m|d}
[2,5] = 10-1 [6,10] = 30 Swno .[n,m]| P71 01 595 7772
0N 5V NMNON 114 WYV
[n,m]|a ¥ ,n|a oM m|a OX .1
[6,4](6,4) =12-2=24=06-45v> .[n,m] (n,m) = |nm| .2

Sv n"nn d o2 .DM90N AN ANYY NN PTHIND IVIN L(1aY) 1.15 AYNRY
s1n1 + DMYPNN Sq, ..., S, DMOY DMI9DN DMIMPPY NN .Ng,. .., N, DIO0DNN
KOy oSpIIN o 4 spn = d

nla —b DN N AN DNYY 0N a,b € Z »D TN 2YA0 19010 n O 1,16 N1
a” PNt NIPN a = b (mod n) NRY PO .a = b+ kn-v 10 k € Z 0P M>
Jn oymn b-5 Hipv

MYINRNN HYY MIPYN MPONNY MPPY DN’ NN n IONN MOPY 117 HYV
ON 92190 .20 DTN 1 TN NN DD .n-2 790N DY NPIdNN NPINYD
a+c=b+d (mod n) on ac=bd (mod n) N ,a=b,c=d (mod n)

1333333 59 NNAINRN NT90N NN INYD .1.18 999N

215 vy N (mod 10) o0 N 9901 S¥ ININKRD NI9DN ,7PNIVYN MO NN
195 333333 = 3333 . 111333 »5

111=1 (mod 10) = 111**¥* =1%* =1 (mod 10)
333 — 3483+l — (39 .3 - 81%.3=1%.3 (mod 10)
33333 = 3333 . 111 =3 (mod 10)

3 NN NININND NIDNY NI



I PN T OOY a,b € Z 907 R BN 1, m DR (20N NPINYD VAVYN) 1.19 VOV
3 2 =0 (mod m) & = a (mod n)-v 3D nm AN MPPY D

N9 T sn+tm = 1-v 73 5,1 € Z 0n»p AR ,(n,m) = 1-¥ 2910 W
DPPIM .bsn + atm-2 INAN) VOYNIA WD T SV DR

bsn+atm=atm=a-1=a (mod n)
bsn+atm=bsn=b-1=b (mod m)

NNk € Z 93 2’ = x4+ kmn D) ’D M2 2IVAR NINS XN = bsn + atm 199
PN PINs
W (a,b) M 935 2NVYIMP NYVLI YNNI M INTIN z KV MTN MNRIND 1T
WTM) (a,b) NV NN nm DN DIV m INTIN D DRNNDN (TR MNAD) &
VNN PSPND NN NN DNRNNN (nm INTI) -2 DPIVAN DY nm PI D) ,(nm
D»P ON :NINN TIT DY DY NN DIRNNN )OO ,NNKIY MY NYJOD M¥IAP P2
3 92p) (n,m) = 1 PMM .mjz — y ON njz — y IN ,MYON DN DPPHN Y 190N
O (Lp, X Ly = Loy, ©3 IR TONNI) .2 =y (mod nm) 99 nm|x —y

DT =2 (modb5) onz =1 (mod 3)-v 12 € Z NN .1.20 "Nt
Ss=—Lt=2n=5m=3mnpna .—1-5+2-3=1199,05,3)=1
OPPM PR .z =1 (=5)+2-6 =7 N INAD AN *»DN NPIRYN LIVN 299
7 =2 (mod 5) on7=1 (mod 3)

MNNYN) MAAN NIIYND 1DV DD MIN 2950 INY NIN PPDN NPINYN VAYN
T MOPY DY

M7 T DND DMWYV BIODY MY {mg, ..., My} ROD (10T ¥ DN) 1.21 VOV
MV DHIP VD3 .M-3 BROIY IR VD) (O KID DHIIP3 DMODY I 9D YD)
ANDOD M AN PN IMRY WYy {a; (modm;) 1 1 <@ <k} awWRe 9w

PIRNYOD NDIWHT ZWINO

8
Il

a;  (mod my)

r=aqa; (mod my)

y=3onmy =2 (modb) ,y =1 (mod 3)-v-v 70 y € Z N¥DI .1.22 N7
190N >TD MTD NI NI NNTIPN NONTA 0 ¥y = 7 PINANY 15 ovy (mod 7)
MNNYNN SNV IR 1P (15 =0 (mod 5) on 15 =0 (mod 3) »2) 35 =15 5v
Y =7 (mod 15) AnX MxNwNa PONNY ) y = 2 (mod 5) ,y = 1 (mod 3)
MY NDNA PPON NPIRYN LIVYNI YHNYND IWaN 199 (15,7) = 1 >0 25 oW

IND AN Y = 52 22 IPTA INNWYN



0”002 DMHIN DNAN 2

oY PINYA N2WaM S NP2 ND NNAP NN (semigroup) DIND? N3N 2.1 NN
0PI a,b,c € S 935 MMY5 .(associativity ,nP1VINON) NP PN S
axb)xc=ax(bxc)

axb =0 noyon oy X nap ,000m M 00m [ Z 2.2 DNt

JOXIDP NPN NDNN NOWAY 191 ,NNNND 1NN NPX (Z, —) NOIYNN .2.3 DNNT
(Bb=2)—1#5—-(2—1) 5und

a € .5 959 DN DM IR KIPY € € § QDR .ANNND NMaN (S, *) *NN 2.4 N1
TRNY NXRIPI NTH AN O¥P NIV NINND NNIAN .axe = e*xa = a DPPIN
P N monoid)

X Nap Dy nespng ,NTY Oyn Ny MNIon ,Z .2.5 9nnt
LR NN M-2 N 920K 00 MINAD O SR M o 2.6 YWD

NN 95 QOIN MY NV PN NP P(X) >nm pnvds nxap X onn 2.7 annt
NP 1 X NN DTN AR Y PR XD (P(X),N) wr (X DY msiapn
a? = a DPIN @ AN 935 M TRIINI 2D 15 vl [ Twnnd) 2(P(X),U) My

RM (M, *, ) o 2.8 N1
al'=bmnmpna ba =ab=e-v T0bE M DX D”P DX TOD NIP TN
@ OV DO NI

D90 a, b D) 22 WNRIN ;PR PN aba € M OR (Pt v ON) 2.9 99990
A9 .aba YV 9NN ¢ N NN
abac = caba = e

OPPNNM TON a VIV .a OV NN MINN bac-) ,a DV ORIV NN NN cab 12O
0) 0”PN 19D .cab = bac

(aca)b = a(cab) = a(bac) = e = (cab)a = (bac)a = b(aca)
b OV MM YONRNY DN aca D PPONY 1IN
IONDYN TN 1INV PN AN IR I WY TRINND O”P ONRN 2,10 99390

X-n Mpnynn N¥ap Sy 9oN0y AXap X XN D TN 132 L0 NN
AN TR M D20 DY onva LXK = {f 1 X — X} nymonn masyd
M NPNYN NN DTN

DNPNN) DY NPXPNAN ON PPN 029NN .YNNN NPXPNAN DN INNWYN 03900
2970 NPNY X DX N2 OX NP DN L(NTTA NPPOYNIN

NIV PPN YNN NPRY DY 8PNg Nxad Hp X = N Hwnd npy ox
9aN ,u(n) = n+ 1 5vn2 ,Pn 209N v v 8pNaY .d(n) = max(l,n — 1) N
IRDYVND TN NY PR



mn 95 Yv P (X) nvapn (X, ) TRm 935 00 o L(nann) 2.11 99N
:PYIVN 95N NOWAD DA PRI NPT X DY Mp>d KON MNP

AeB={a-blac Abe B}
(P.(X), ®)-2 D900 DIDND DN M INND)

DN NN e IWND) {e} NXR NDON NN INTY NP DR P (X) nxapn wono
NDP NNYON D PITAD Op .NIMD VN NI e Nwan (X DV DTN
Ae} nn (P(X), 0)-2 nTron 2n X -2 nooan Hv nedpn Sy voanna

D) X-2 Pan a May {a} NN MNP 1N TRINNI 029NN DIDNN
535¢ 10 B € P.(X) mo»p 125 pan A € P(X) » oy o ({a™t} nn
DIDN MY MNAY DO»P NINN .|Bl =1 AR .ab=e o”pmm a € A, b€ B
22P) a SV 09NN MPNM O bia = aby = aby = bea = e OYPIM by,by € B
JA] =100 yara by = by

AN NI AR 9312w PR XN (G, %, ) (group) N3N .2.12 11N

DNNND NNAN <= PRINN < NNIAN DPPNN
ININD PIAN NINIAN NN NPION NOIYNY MNIND TN DY Y0 NATINN 29D

W0 Mo .1
DWaN NP 2
DT AN 0YPp L3

LTON NI YN DD L4

NIYA NN TPIRYA NOWA PTIND DIITN NNX TPNMD NP N1AY) .2.13 ANt
PN S = {a,b} OX ovNH (Had MY

xlal|b

alalb
blbla

oV DMNN NN b-1 DTN XN @ ,NPDONKION MDD NNYPNNY MR OP N
I8y
.(2012) 2 970N DTN NMIAND PO, NYYND

NN DTV YD) 7995 oy NP M nd onva man N, Z, Q, R, C .2.14 nnnt
L0995 NI NN NNIAN

AN NN (nZ,+) 20 OYPIN n € Z 935 .2.15 Nt



Ly = Y209 229p0V ,n TN MPPPYN MpPoNn QOIX Dy DOND) .2.16 HNINT
NPYNN N onon omyad Zy = {[0],[1],[2], [3]} bvnd Z/nZ = {[a] |a € Z}
[a]+[b] = [a + b] M2tD .a VIVA WPNN NI IR DY ,a PO [a] MPPYN
M>PYn MPoNN QDX DY NOWSN PIRYI N2 NIN + 20N INNY QIR TUND
PN (NINKR MPPY NPONN OV 1N NIN b-1 DNR MPPY NPONN DV 1N NI a)
M>PYn NPoNN Sy ©Y5N0N PINKRIY) DIFDN DY ND°XIN NDNN N2WI 1t P
NS a + b Nav

M»PYN MPoNnY X N2 .1PYAR 1NN NN (Z,, +) 2D MR VAN
[0] + [a] = [0+ a] = [a] >0 [0] 2N AN AR Z, = {[0],[1],...,[n— 1]}
MNDNN NNYH HY NPLIRM NPHIDPAN MY NPHIRM NN NYVP ([a] 935
[n — a] NN [a] Sv 9N AR DN

1] D 2R NV NYIVP MY M0 DY 2(Z,, ) 2230 MY ) N
nan (Z2,-) orn Zs = Z, \ {[0]} 293 2299 PN [0]-D 22 nman &Y N
(0] € Zg maminn »ad 2] [3] = [6] = [0] »> Yapy Zg May Swnd .nona 8O
TYNNA (N¥NND NN KD 1N IMDI) NINND NI PR (ZF, -)-2 NN 199
D951 NN "NNY” qWAN PN NN

OIDN I a, b € M vy PR M o (D900 DIDNRD NNIAN) 2.17 NN
NI 209NN VNN DN CTPRINNA TON NN a - b DY RN D90 0N a,b ON
NI NP INNN TRIIN DIONN DIDRA 93 GON DY (a-b) P =b"1-a™!
LoD NIN 2 AN DY ,NTHN IR DX 220N DN QOIND 0 D .N0wad ona
N2WAd DN NN INNN TRMIND O229NN DIDNRN GOINY NN NPTPND MIPON

(Units Sv M¥p) U(M)-2 % 0NN 1003 .NNNmNm

MYV Y95 BY 1 X 1 DTN NYWHRN M¥Ivn Hv (M, (R), -) noaynn .2.18 H9130
VY 22900 NNAND RN NN

U(Mn(R)) = GLn(R) = {A € My(R)[det A # 0}
.(General Linear group) R 5yn (n N5ynn) m7750 MMRMID N3N OONNP

2950 nows K2 U, = U(Z,) nrno (Euler) Y9N »3n NN T3 .2.19 Hnnt
:([0] N9991m2 Y TrNY [0]-n ©5YNNA) Ze YV 5950 MY NN 1323

QY | W N~
QY | W N~
=N O DN DN
WO WO W W
DO = O DN |
=N QO | Ot Ot

P9 P1TAY P2a0N 1991 MDD N2WON) 1 DNAY WY IR DN D2I°9NN DIIDND
Ny Hv 09NN NN [5] Mt npna Us = {[1], [5]} 995 (MM PN mTny
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Up = Ziy ™ pNUNT 1900 NN p DN .2.20 YD

939 Upy-2 DYDRND DX PPANI ,ANINNRD NIYND NMT .2.21 THYV
TR OINN ;I .(n,m) = 1 OX PN OX [m] € U, W .m € Z >
n-9 ONN OIVNRD 91 0N (Zy,, )

Ui = {1,5,7,11} .2.22 hnnt

PN W 10-2 3 PN 5 NINK DY [, Zp-2 009D 209N 5-D D”P KD .2.23 NNt

NYoAN MMan 3

PN IN) IR N k1 G X G — G ompnRTT 19w 0O NN 3.1 90
(G,*%) OR .a*xb =b+*a 0P a,b € G DIVN NV Y5Y DX (commutative
NIPI IVIND (FPDDN IN) IR N3N NN G D 0N NN NN DD NN

.(Niels Henrik Abel) Sax 30 952 5w mv Yy

1> 1 My mYar IR (GL,(F), ) nmann .nTv Fon 3.2 nand

NN G N 22 =1 oopm o € G 939 orv Ivon .nMan G onn L33 9aan
JPOaN NMan

195 .(ab)’ = a? = b* =15 a,b € G 595 DPPIH PN O DA
abab = (ab)> =1=1-1=a%-b* = aabb

22PN b DV 09N P TN @ DV DN DRV TNND DYDY IMPYN DX 993)
] JPOAN NN G99 0N AN 900 0»pnn Mt Lba = ab

mMan nn 4

NN ON G OV DOW3NY IR H C G n¥ap-nn .nman G onn 4.1 A9 10
020N (G- TPAYIND N2 DN ,PNTHN INY J9IND) 1YY NMIND ON*a NN
H <G

:PYTAD IRV NN 095N

. € H -R- N>y RO Napn~nn e
.ab € H o»pmn a,b € H 935 5955 Mo e

at € Hovprm a € H 995 229309 Mo e
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MYVNN NXAPY NDN) .4.2 NNINT

1 a b
H= 01 ¢ a,b,c € R
0 01
:GL3(R) 5v nMman-nn non
A3 € H -v a2 :nmno e
1 a b 1 d ¥V 1 a+d b+ +ad
=p) 01 ¢ 0 1 ¢ = 0 1 c+dc € H e
00 1 0 0 1 0 0 1

D995 Mo w

MNIND D) PN PPN N Nt DAN ,NVIPNIVTN 28D TAN YWY MINID IVIN @
LOMON . NNNYa H-2 NINSNY 1POMNN NNI0NNIY

-1

1 a b 1 —a ac—25b
01 ¢ =1 0 1 —c cH
0 01 0 0 1

AIHD NN DRNP (PIIMIT) NN NNIAND
SLy(F) < GL,(F) .8.3 nont

(a) = 22N Y NI¥NN AMANTNN MY WON THN a € G NIY 4.4 TNt
Swny {ak \ keZ} <G

d4cZ e
4y ={4k |k € Z} = 4AZ

101
ta = (85?) € GL3(R) o

1 0 2 1 0 n
(a) =Xa"=Taa*=|010],...,a"=|010 |,
00 1 00 1
1 0 —1 1 —2
at=1 01 ai=101 0 |,....,a ™
00 1 00 1
1 0 k
— 010 ||kez
00 1
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199Y NNONMY A9NINR NNan 5

Sa,n) =1 DX PN OR (P99 Tan XY 1M9D) a € U, nN ,a € Z, 7P .5.1 Hyv
U,={1<a<nl|(a,n)=1}
DOMNN DX NINND TIT VO v M INY

MDD sa =1 92P) n TN AVYN) DX .sa + tn = 1-¥ T2 5,1 DNIYPY IPNI
2NN SY PPN DONNNN OTPHRN NN 2NN WD Z,-1 a” ! = s5-v

6lr =1 (mod 234)-w 75 0 < 2 € Z NN 5.2 99N

INYD PPN NN 1 N 6l + 234k = 1-v 0 k€ Z ©»p PN 280 WO
M9 .(234,61) = 123 1520p NN WK 29Y 23441 61 SV (Mt NIPN1A O1N)
29N 295 DIYN OINYD NN N”NNN PR OV VAVNN D DNTPNPN ON ko
YOV PN 0D VIANY TNz = —23 (mod 234) 195 .1 = 6234 —23-61 oTp

2 =211 902

JG| :p219m DMAN DIVRD 9D NIN DNIN IV NTID 5.3 NN
|2y =n | Z] = 0o N1

p(n) = |Uy] 299 737m AR IMSPND L5.4 NnnT

(MNYIN2) MININD I .o(p) = p — 1-¥ DOYTP 920 NNIN PNWNRT p MY
W (a,b) = 1 ox 30 Mo ,p(pF) = p* — p*1 pyav k 995 p mwrn 955 o
p(ab) = p(a)p(b)

1 1
p(n)=n (1 - —) e <1 - —> N = plt e pdr oy 995NN NOAPIN NN
Pn

@(60)—60(1—%) (1—%) (1—%)—16

NYYPN MMAN 6

S

N AN PN NN G-2 YR YD O .a € G o nan G oonn L6.1 91N
SIS N3N G D NN I NIPNA La YD Y M) G-V IMNI N a DY (10DOv
G ={a) ={d": keZ} o

.6.2 Nt
XY NN —1 D) Yund T nenD 2N KXY NYHv aY v L1y nasn Z .1
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