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General linear

group

Symmetry group
on X
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(1NN NION2 XD NN MMAN TIR) .99 >335 NN NN O .1
090 97O1 NN 25e-2 AN DI D) 0 (z) < 00 ,x € Qo 939 2
JOPN NN O .3
Torsion group IOV N3N DOXRNP P90 ITON NI DN DD DAY 1D NNMand

NN
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725 990 .C* DY DMan~nn Y NONY Nt T DY NMan v o L1
Nt NIPN2Y) IMIANTNN NI TPYANR NNAN DY YMD ITON DIDND GOIN
95 NN PYTA NYON NNV DX QD NN 29D (D90 NNANTNN NI
120 199 ,CF n5aNN NMNANN DY YN0 TON DN
g1, g2 € PV 0P RO NN P9 L1 € Qg 20 M2 NN 299 vNaN 19N
I,k € Z may 2n23 .gs € €, ,g1 € Q, DMWYV m,n DY 120

OMININ

. 27k 2wl

g1 = cas——, go = cis—

m n
=P

 2mk 2@l <27rk 27rl)
g1ge = cis—— - cis— =cis | — + —
m n m n
27 (k [
mn

g teQ, COy DIIN,g €, OX NV ,NN2 NN 229NY MPID
NV IR ,INY 2005 191X ,MNIAN NIVIY DV TINRY 72T It ¥ ON)
(.NMan NN ,mMan dv

0()<n 3P0 2 €Q,Myv n ovp r € Qy 939 2

Qoo TR N0 N Qg OV NPOPIXN MMIAND™NN DD ,0TPN Pyon 9D .3
A0 NNND ANV NNV 12N KD 1997, IPNDI1N

MMAN YV Naw Nbaan 3.2

SY MDaon Y515 ,1an DHaNd .,Mn»P MMANN MYTN MNAN DY NN M2
MDA DT NPPORNNN 1IN NN (H, @)1 (G, %) NYNN .MNAN 0 NP

GxH={(g,h)|geG heH}
YD ,157-2097 G X H Dy © N2y P13 .3.16 2Hyv
(91, h1) © (g2, h2) = (g1 * g2, 1 @ Do)

(External) Direct DN .H-1 G 5% GVMHISNHD) WD 2Wo00D NIRIPIN NN NN (G X H, ©) R
product .(GG, GH) N G x H-2 0o

VAN NN 00T Ug X Z3 9y 5on0) .3.17 nnnt

(3,2) ® (5,2)
(5,1) ®(7,2)

(3-5,2+2)
(5-7,1+2)

(15,4) = (7,1)
(35,3) = (3,0)

(1,0) NN 19030 YR

15



2ava - NN DY ,O-1 G X H Y nYyan DR 1902 01pNna ,»woyn .3.18 vy
MNNn

2(n > 2 MNAY) NOPN 7, X Ly, DRN 3.19 99390

JIN i ANY 939 NN (a, b) € Zy, X Zy, AR 9D DY ATONY MO IND NN
(a,0)" = (a,b) - (a,b)---(a,b) =(a+---+a,b+---+b) = (na,nb) = (0,0)

m < n ndna (e, )™ = (0,0) yYMayw m Oynn 190NN NI ITONY NYd
NP OO0 NN Zy, X Zip-2 DN DD DY 9TON 0D

N |Z, X Zy| = 0% 070 N ON AN RN AMNAND D PPOY ,NYD
7NN 399 ,MD PR TN .02 TN DN N 0L, OPN AN Z, X Z, NMann
JDOON NN

JPOPIN NAONA NN NPOPN MMAN DY NDIONY TN OTIPN D200 .3.20 WD
JPOAN NINRYI NPYYAN MNIAN OV NYAON ,NNT NMYD

WA YN 4

NYVNON NNMNANY Nan 4.1

Symmetric group N 72 DNTO HIMVDIDD N3ND .4.1 NN
Sn={o: {1,2,...,n} — {1,2,...,n} | obijective is }

- MAINX @Y ,mxyo {1,2,...,n} NNHAPIN S Y'NNN MPRYNN 95 GOIN Nt
NoYaN AWNd NMan 0 S, {1,2,...,n} 019000 SV ATON MYV D1 qOIN
NIPY S, DY DR DO MM IONPNS NN DTN DN LNPSPNS NN NN
Permutation AONDN

oy X NN 0900 NN PrTa N S, NNIAND (P W ON) 4.2 YD
X ={1,2,...,n} 9wrd ,n2570N N2y

0(2) =7 ,0(1) =i nN8M NN 0 € S3 IR .S3 IN MONTO NP2 4.3 INNT
MNP YOI A M o i, 5k € {1,2,3} IWNd 0 (3) = k-

123
i j ok

g =

:S5-1 DIDNN YD NN YNNI 2IND)

1 2 3
1 2 3

id =

16



Cycle

Length of a cycle

Disjoint cycles

T = 2
2 3
2 3
o= 3
2 1
2
oc’?=0o00 = 49
3 2
3
0T =00T = .5
3 1
1 2
TO =TO0C0 = 6
1 2

TR S,-9 TWRI? 99 BY WOV .07 # 7o D MR IR S3-¥ 39 DY) 4.4 WHROY
JOIR K7 RN D 1 > 3 90% P

NN o (1) IR NS NMAYAND 190N JON L[S, = n! Nn 3TN 4.5 WD
TY VNN 15 .0 — 1 N o (2) IR NN DMIVARD 90N LT NN .0
2910 702 1IN ROV PINNRD IR L1 NN 0 (n) IR INAD NMMIVORD 1900V

JSul=n-(n—1)---1=nl

S MASNN YV TAN Diyn NISNN NN NN S,-2 (DY IN) WMNY 4.6 N1
.DNNYY DINOWI DIDNN INYY A > Qg —> A3 > -+ > A > a1 (DY D900
(a1 ag ... ag) MANN SV IIRD (a1 ag ... ag) NPPA RN NN DX DAMD

kNon

NOW 20 v (1 2 3) NN XN 4.3 1NTA NIANDY 0 € S5 NN .4.7 DPINT
IMMN NNNNA 1T

1 2 3 4

L 43 s NN DX P80 (45 2) MmPnn ,S5-1 .4.8 Nt

DINAHV'I THNDD AWRD BN DINRAY N3O DIMNDT? THIN DWON 7D .4.9 VOU»
IOIPY AR DHYY DOV GIIIYY 19DV BD? PRY BINRND RO "o

Dy O2wWN ]351 ,ZWTN) MY DY M DADNNN DN DINNNY 2D Y .4.10 TIYD
SXIVND NNMNINN DY D2IVN TYUNRD INY OOP DYDY DINNN
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1 23 45 6 7
D o = ) :S7-2 INaN NMNNN DY YOND) .4.11 PNt

4 73 15 2 6
IMNND DY NIAYD DNNMY ,I9010 DNPIY D0 DINNN NYAOND NMNX IND
DWVNd Ja Nnnn
l—4—1

DN ,Td ©wNIN Nyd (1 4) Mmnnn IR 1D P DNNN T DY NNOA TN
INN 190NN
2= T7T—~06— 2

,0N8YD OO0 DIADNN INVY 10 DWY  .NNO2 (27 6) NN DX YaP) N
Y9 ,5 = 5,3 3 Mmd>
oc=(14)(276)

nNoWN o2 N9 P17a9 1901 95 Sy MNayd ,NTINN 299 N9 WaN .o NN avN)
023 ,A5NNN DI DINNNY NPD DAN NN

o?=((14)(276)=14%276)"=(267)

mponn 4.2
T ,g € G920 .nman-nn H < G onm ,nman G onn .4.12 1910

Left coset gH ={gh|h € H} CG 20 H 337 g 79 HMMIRDYD dpInon e

Right coset Hg={hg|h € H} 20 H 3% g% »MHDD dpmvn @
G /H D) nrHNnvn mponnn qoiN nNx
NMANN-NN Yy YonoNn ,G = S3 X NP2 .4.13 NNt

H={(123))=1{id,(123),(132)}

:G-2 H 5v nyOoNnpwn miponnn

id H = {id, (123),(132)}
(12)H={(12),(23),(13)}
(13)H={(13),(12),(23)} = (12)H
23)H={(23),(13),(12)}=(12)H

(123)H={(123),(132),id} =idH
(132)H ={(132),id,(123)} =idH

Ay
Ss/H ={idH,(12)H}

18



:H = 57 5w nvoxnwn mphnnn Yy 9onon G = (Z,+) DX NP2 .4.14 Nt

0+H=H=1{..,-10,-5,0,510,...}
1+H={.6-9-41611,...}

24+ H={.,6-8-32712,...}

3+ H={. 6 -7,-23813,..}

A+ H={.,—6,-14,914,. ..}
5+H={.,-50,510,15,...} =H
6+H=1+H

T+H=2+H

DV ,Z-2 BZ 5% NYONNY MPoNN wnn ¥ 00N T2 .ARDD 1)
7/572 ={H,1+ H,2+ H 3+ H, 4+ H}

mpomn H = (2) = {0,2,4,6} Sy Yonon ,G = (Zs,+) DX NP2 .4.15 DNT
N NYONNYN

0+H=H, 1+H=1{1,357,2+H=H

2995 191N

H, if a=0 (mod 2)
a+ H =
1+ H, if a=1 (mod 2)

.G=HU(1+ H)-v 25 0w

(NP IN) NPORNYN MPONNN NINNNIY MIRDNTIN MNXRID NIV 29D .4.16 YD
oM L,T0 Oy QO LG OV gy vy H < G nmanTnn by

a~gb<— aH =bH

NNt 0503 .G Oy MDPY 0NN a, b € G OIDN Y DV MPONNN P2 1PNV DY
(N2 VOYNN NAYA

W a0 € G Y MBI H < GHon 0N GOon L(NRYIND) 4.17 vOvY
a € He aH = H v19a b 'a€ H :oN pW OX aH = bH .1
g HNgH =9 W g H = gH 0»pmm ,goH- gt H mMponn »nv 535 .2

O TINNON U gH = G :ann Yo N0 Mponnn 90 Sv TinNn .3
gHeG/H

19



Index of a

subgroup

PYNIN PYON IR P NN AT NPPONRNNN 209N NYYNY T (1°29) DHNOW
DTN AN NAY V191 .ah € bH b € H 999 nR aH = bH or :(«)
NI5N2 Y ,a = bhy € H-v 75 hg € H 0”pv yan XM .a = ae € bH

bla = ho € H

.a = bhy 39 .b7ta = hy-v 75 ,hy € H 0»p nx b~ ta € H-v non (=)

ON DA .aH C bH Y95 ,ah = bhoh € bH-v o»prmm h € H 935 ,nny
00 .bH = aH non23y9Y .bH C aH-v 19N IMNA 9apn b = ah; ! 7X ,a = bhg

{gH | g € G} ORI MPoNNN P2 Y VNN INRNN INPP .(MRYIND) 4.18 YD
(Hgw— g~ 'H) »a5 {Hg|g € G} nvmd

gH — (gH) ' ={(gh)" |he H} ={h g7 |he H} ={k¢' |k € H} = Hg™"
DY MPONNN 901N MY NPONNPVYD MPINNN 190N 125

NIPY M 1900 LG H] yoa G-1 H Sv mponnn 1900 NX NI .4.19 191N
.G-2 H 5% DpIORd

DPNRIY MNONTN 29 DY .4.20 HINT
Z:52] =5 .1
[S3:((123))] =2 .2
[Zs: (2)] =2 .3

,2INY YOP DPTPRAY 935 .0NANN™NN HTNO T NN [G 1 H] OpTYRN .4.21 YD
[G :A{e}] = |G [G: G] =1 on ppn »pn any 9T H nMmann~nn 7o

|G H] = 0c0-v 75 ,H < G nMan~nm G 1Nan RSN .4.22 990

H =7 nman-nm G = (Q,+) »nn .o
YN DIDNY MPYHNA a1 a5 0 pa o o, ay € Q 012w Nv NP
-v Dap) oY

{1+ 0,00 £ 1,1 +£2,...} =1 H #aoH ={as+0,as + 1,00 +2,...}

,1 925 0 2 Q-2 ©1901n0 mnod mnad X0 G-2 H 5v mpbnnn 1901 )09
JPDYN NIV

20



MWINRN DN S

09901 NINY N1an 5.1

Greatest common ~ DNDYW (10D2) 33NN ANV PNV 1, m DOV OI901N 7Y 1N 5.1 N1
divisor 290NN NPNY TN

ged(n,m) = max {d € N : dln Ad|m}

(n,m) =1 OR DN n,m * MN .(6,10) = 2 Sond .(n,m) P IV WYY
.0t 0N 5 2 Swnd

b=y a DY OIRYY PPN 9 Ponn d N Ld|b B d|a DX 5.2 YD

(n,m) = (m,r) W n = qgm+r ON .5.3 HYO

D9 DX d|m 0N d|n 22 ©YTY IR .d = (m,r) 29" ,d = (n,m) YOI DN
A< (myr) M2 1M dlr =n — gm 3991 1, m OV OINYD NV 7 AR PN

OV IRPD NN NN 1 D (m,r)|n 199 ,(m,r)|m on (m,r)|r DTN 29 nyd
D MOP YON T (m, 1) < d R (m,r)n o (m,T)|m D WP DN um, T

O A= (m,r)
Euclidean HYV3 NN VIDW ANY3 Y"DY AROSY? "D (OTOPIN DNPINON) 5.4 VOUY
algorithm (n,m) =na m=00% .0<m<n 7 M DTIPIN DTINHIR XD 53

W3N .(n,m) = (m,r) Y PYON 0 < 7 < m WWRD 1= gm + 1 33N NN
(ABYD? 3PN BIMWIIRD D2

DTOPIN OIPIMON NRYA 47-1 53 DV n”nnin IR 2vN) 5.5 T

(53,47) = [53 = 1 - 47 + 6]
(47,6) = [AT =76+ 5]
(6,5)=[6=1-5+1]
(5,1) =1
0 DYNY O2I99010 MY NN NINT
(224,63) = [224 = 3 - 63 + 35]
(63,35) = [63 = 1- 35 + 28]
(35,28) = [35 = 1-28 + 7]
(28,7) = [28—4 7+ 0]
(7,0) =

DXAPYY ©I9DN MNAY DIAPH’ DIPINVIONIL NP2 170 ©2ADYN 190N 2N NIYND
AN DN NN IWRD log, n NN DIPIMORD DY MN8N NITOA
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a,b # 0 DWWV DMODY 207 DIPRD .(IPTN 2INDD NMPND NNNN IPON) 5.6 VOV
»
(a,b) = min {au + bv € N|u,v € Z}

(a,b) = sa+tb-w 3> s,t € Z ©YOMY 003
.ale 2 AN Lalbe o0 (a,b) = 1-v 75 DOV DMI9VN a, b, ¢ PV 5.7 9N

c-1 292) .1 = sa + th-v T2 5,1 ONIYP PINYD NPXD N"INN JPON 29D WNNO
M3 Lal (sac + the) 139 .altbe ©Y 2NN 29 alsac 2D M2 ¢ = sac+ the HApN
.ale

2”30 MINYD PPN NNNN NN OWIANVYI 5,1 DNTPNN DX NINNDD 2T 5.8 NNONT

Extended SN DVIPIR DIMNIRD YNNI
Euclidean
algorithm (234,61) = [234=3-61+51 = 51 = 234 — 3 - 61]
(61,51) = [e1=151410 =10 =61 —1-51 =61 —1-(234—3-61) = —1-234+4 - 61]
(51,10) = [s1=51041 =1 =51 —-5-10=51—-5-(—1-234+4-61) =6 - 234 — 23 - 61]
(10,1) =1
(234,61) =1=06-234 —23-61 o9
Congruent nla —b DR N AN DNPY 0N a,b € Z 3 N YAV 1901 1 O 5.9 N1
modulo n a” Nt XIpN a = b (mod n) Nt O YOI .a = b+ kn-v 0 k € Z 0»p >

InovTm b-5 pv

M0N0 PDOPOST) MPPY DN NN 1 INTII MPPY (12D NNDIN) 5.10 THYVD
,a =b,c =d (mod n) DX MDD 20N DTNV 1 INTIV NN DD (VIO
a+c=b+d (mod n) on ac=bd (mod n) N

61z =1 (mod 234)-v 75 0 < z € Z NN .5.11 999N

M5 61z + 234k = 1-v 10 k € Z Nsnd nx (234,61) = 125 187 W00
oM TPNN 0N k,z MO0 .234-) 61 SW (Nt NIPNA DNDN) MIRYD PPN NN 1
.1 =6-234—23-61 mTpN NONTN 295 2PN MIRPD NN NNNN PN VIVIN
2 =211 9n23 *25¥ Nz 2D PPN *TH & = —23 (mod 234) 12H

NINRD ANNWNY 61 1T YNy [234] € Ugp WH20p D3 Nt 2wNn

1=6-234=6-51 (mod 61)
.[6] 2 Ugy nana [234] = [51] 5w »9nnv 1Nom

1333333 5 NNANNN NT90N NN INYD .5.12 99390

22



215 vy N (mod 10) 20 N 7901 S¥ NNINKRD NI9DN ,7PNIVYN 1WA NN
oY 333333 = 3333 . 111333 »5

111=1 (mod 10) = 111**¥* =1%* =1 (mod 10)
33 = 383+ = (39 .3 =81 .3=1%.3 (mod 10)
33333 = 3333 . 111 =3 (mod 10)

3 NN NININKRD NI9DNY NI
NN SY MNON .5.13 HYO

ld 7N jeln on e|m-v 13 e o d = (n,m) > .1
(an,am) = |a| (n,m) .2

PO NN IR eln, m-Y I .d = sn+tm-v T3 s, t 0P .1 JINDHID HINDD
d DR N sn A+ tm DNOY IRYD MY NN O)

(.7van 9ann pon) .2

p|b W pla nNX plab ©N MMYNI p DRV NN .5.14 9N

NN 292) sa +tp = 1-v T3 s,t ©0»p P9 (p,a) = 1 N p 1 a OX )N
M) ONNY PN DX PONN p 2D NI .sab + tpb = b 92PN b-2 PINKD MPYN
p|b 93 P PR NN PO p 199 ,(p|ab

Least common (1”13) MIWMODD NOMVOLD NN 1, m DOV DI9DN AW \MHNA L5.15 AT
multiple nYRo NATHN OOV

lem(n,m) = min{d € N : n|d A m|d}
.[2,5] = 10-1 [6,10] = 30 Swn> .[n,m]| P71 O DY
0”0 SV MNON .5.16 THYO
[n,m]|a W ,n|a oM m|a OX .1
[6,4](6,4) =12-2=24=6-4 505 .[n,m] (n,m) = |nm| .2
O < r < [nm]wnsa=qgnml+r-vIdqgr .1l DD HINDW

wr# 0 ON .n,mlr o3 yan n,m|[n,m| DTN 299 n,mla 3 PRINN
n,m]|a Mm95 ,a = q[n,m] 35 [n,m] Sv nYSPYNRS NPNO
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Chinese
remainder

theorem

No9515 790N DY PMaN NNYa N’NOM N"HNn 2N NOp TIT IR .2
NI PIPON 0D N2 LDYNVYNT O

n| = [ =pi'ps*.. 00 Iml= Hp“:pi”p%”mpi‘k

D”IWNRI DNMNI YONVIY 21D 0 ©NN) ;, 5; > 0-1 DNY DPNYRT p; TUND
D VIONVND TIN NYD L(ATO IMNRD

k

k
— sznln(auﬁz) H Il’ldX 0517/87,
=1

W, + [ = min(a, f) + max(a, f) 07PN @, f 9901 YW 935 19
n,m] (n,m) = |nm)|
O

Sv n"nn d 0N .DM90N D INPD NN PTHND VAN (D) 5.17 nYNRY
$1M1 + DMOYPNN S1,. .., S DNYY DMI9DN DNIPPY ININ N, ..., N, DI0NN
KDY mosSpyIYN o -+ spng = d

W N 2 OY @, b € Z 97 W DN 1, m DX LOPDN NPINYD 0AVN) 5.18 VOVY
3 2 =0 (mod m) & =a (mod n)-v I nm AN MPPY D

15 sn+tm = 1-v 73 s,t € Z 0P AR ,(n,m) = 1-v 90 ARID K7 DN
oO»pPNN .bsn + atm-2 INANI VOYNI MO T DV OVPP NDIND

bsn+atm =atm=a-1=a (mod n)
bsn+atm=bsn=5b-1=b (mod m)

NN k€ Z 939 &' = x+ kmn D) >D MI2 DIVAN INS XN = = bsn + atm 19N
PN PINS
] a0 9902 NN nm YT T OV TN DNOIN

DT =2 (mod5) onx =1 (mod 3)-v 70 z € Z Ry .5.19 NNt
Ss=—Lt=2mn=5m=3mnpna .—1-5+2-3=1199,05,3)=1
OPPIM PR .2 =1-(=5)+2-6 =7 DX MN2AY IWAN *PDN NPIRYN LIVYN 299
7=2 (mod 5) om 7=1 (mod 3)

MNNYN) MAN NIIYNT 1DV NDI MN 259D INY NIN 2»ON NPINYD VIYN
:00vTm M>pv OV

NN DIND DHYIO DIODY DN3Y {my, ..., Mg} RO ()2t v DN) 5.20 VOV
W OIYID DFIIP M3 M-3 BHTOOY DR VD) (R KID DHIIP3 TNODY IR 9D WD)
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WINO NN 7 ANz DN WIWRY Yy {a; (modm;) |1 < i <k} nmRe
TRNYOD NWYD?
r=a; (mod my)

r=a, (mod my)

y=3ony =2 (modb) ,y =1 (mod 3)-v-v 75 y € Z N8N .5.21 N7t
5¥ NADIN >TD TY 1123 NN NNTIPN INNTN 2 y = 7 PINSnY 25 owl .(mod 7)
MNNWNN SNY NN DY (15 = 0 (mod 5) o»n 15 = 0 (mod 3) »2) 3-5 = 15
Yy =7 (mod 15) nnx AXNWNL oY\ y = 2 (mod 5) ,y = 1 (mod 3)
MY NDNA PPON NPIRYN LIVYNI WHNYND IWaN 199 (15,7) = 1 >0 25 oW

N9 NN Yy = 52 20 I1PTI MINNIVYN

d <n 95w Iivomn . € N 7o 9N a € G o ,nMan G nn .5.22 90
V320

o (a?) = n O(G)
(@) =@n) =~ o)

’3 25 DXVWI (IO DN

A € 7Z > 1PN WYY moyan)

(d,n)
O 09 .nldt ,3.14 yo 095 a®t = e > ,(ad)t = e M) DYYN
n d =1 2w T80 (3TN - DOV D900 DNIVY) " dt
\(dn) (dn)) " " (d,n) 1 (d,n)
n
O DNV D ,m’t NYUNIN DNIN2 DAY DN *9D
,n

DN NN INND DTIPN 929NN NRYA .10 ATON Oy NMan G onn .5.23 990
G NN 0Ny G-a

AN .G = (a) 2 ) NN

G:<ak>(:)o(ak):n@W:n@(lﬁ,n)zl

JUn| M0 G NR D8P0 DIDRD 1900 )0
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WY DN 6

TINNY vavn 6.1

.a € G939 |aH| = |H| o»pmm .n1an-nn H < Gonm nman Gonn 6.1 toyv
VAYNN NN D2P) TN N LG DY DN DY MDPY MPONN NYYND 1N MPINNY 2910
N2 2NN

Lagrange’s |G =[G : H]-|H| ™ W H < GHom ansn GHon L(1rDD) 6.2 vow

theorem

N3N 7Y ITON DR PIND ININTNHN 7V ITOD 0D N3N N3Y .6.3 WHPOY

G|

— =[G : H|

|H|
o0 o(a) = [(a)[-w »ov 7 ()] | |G| W (a) < G-w oY a € G W3y 0N03
Gl =evHPIm @ € G 999 B 1P DNIND 29 1TOD IR PIND DNIN AN 9 Yv

NP 0N Zip-2 DIVN DY DPIVAND DTON ,|Z1p| = 10 M1y .6.4 DNt
{1,2,5,10}

72N 0P NI15N2 G MDD NNANN ITO NN PONNN M 1901 Y29 DNN .6.5 99N
m ToN

Loy X Ly DNAND DR N TPTI DNONT NN XD INMNO
,MD AN 0”P PN IR .16 9TON 1R 0»p KD YA 16 w0 NMann 77D
o> 1 My 0PN YN Z, X Z, 0NANNY NN DAR PO 1MAN 1’ RN

0(g) > 199 e # g € G onWNI p 1Ton NMaN G NN .6.6 DINT

N .G = (g)-v MRY M ,0(g) = p NN PY o(g9)| |G| = p v TN
AVNRIPRY PIDNRD TAR 93 0T DY NI G-v o3 e £ g € G Y0 Ny
KaRElatn

WYX NMNIANNN W G-9 WX .m|n 0 n AToN MO G = (a) NN 6.7 TWYV
M TON DY

NMaNNN K nn .ovp noomn ,m 3Ton nanTnn 1 H = (a”/™) 190) Dnow
K = H nxd mpron nnonb LK = (5) mon ,m 9701 navn mYpey

522 90 M 099 1Y B = ab-w o b < n op G SV I8P a-Y INRD
o(B) = 7%

DRYP NN NNoN a5 (n,b) = X 20 m = ORE o(f) = m San
Y .(n,b) =sn+th-v 1> st €Z

an/m — a(n,b) _ asn-‘,—tb _ (Ozn)s(ab)t —1. Bt c K

29 |H| = |K| nmnn va Sy San H C K o9 0™ € K-v 2920 99
] V1 H=K
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Subgroup
generated by S

S generates G/
Finitely

generated

Z30-2 ¥ NMINY MNAN~NN 0D .6.8 9NN

NI MMAND~NN 7901 ,11PYPN 1NN T2ITI INND ,NNTIPN MYON 290 WINO
1 or1on [{1,2,3,5,6,10,15,30} = 8 : 955,30 19010 Y¥ DPYNNN 1901
YONIVN MNANN~NNY RN 30-)

92N G-2 07 OR PN DX N 701 G 25 O ;o nnan G onn L6.9 99N
.2 97N

T0 NN PONN DN OV ATON IO VAYN 29D IN L2 ITON TN D”P DX INNO
2N NN2ANN T 19 NNANN

INANYD M NIN - TPTIN ANON 2 TON ADROY 2D DV P 1Ton G DN
VI NXYY PIMNY TDNX G PRY DD ;2 970N (-2 TN R PRY 12OV 1Y)
AN IDNR DD AYURD ,NNND ANIAND MIDN DD DX ITOD 1N X DTN IDRD
DN DY N ON 90N 52AP) DTN AN OY TN (VNN NNYN) 1D 2OMNN TDND
.ONNY Nnoa ,G-a

2 3TDD DMIZINR 7Y M MR HODY YWY MR ITOY DN3NT? .6.10 HDPOY

ANIAPTHN 1T YY NASNN NNANHN 6.2

29 mw) G-1 DIDN NP R NNap-nn S C G onm nan G onn L6.11 9910
(G 5% DMan NN N15Na YN S-v
NN S NN NYONN OPNN NNANN~NN NN S T Y MBHD DN3ND NN
,G = (S)-v 75 a0 S nu»p or LSO HY MY G-v MmN N G = (S) ox (S)
AZ1, ., TE) NP DN ,DIDVN OV AV NXIAP NAY N MSH G 0D NN
N ON TPOPN NN NNAN LDOPN NMNAN DY NATIND NOYON NN DTN
JPOD NN TPAID NNAN DD D) TR AR T DY NN

PNPITT AYON Nya o LH = (2,3) iz {2,3} € Z np2 .6.12 it
H = 7Z-v

Wom (—2) € Hoyny 2 € H-w yw> H CZ vion Z 5y nnan-nn H
YO LH-195m | Z 5w A%y Xinv TN AR s (=2)+3 =1 € H-v
H=7Z-vwvp ZCH»™,Z=(1)CH

{4,6) = {4n +6m|m,n € Z} 5apy w {4,6} C Z np») OX .6.13 NONT

P NYOnN DndYN YV NNIN-NN M) (4,6) = ged (4,6) - Z = 27Z-v 1y0)
, 1D 1T NDON T DY PO (D7D DI9DNN NN

(4,6) C 2Z 991 2[4m + 6n-v M1 :(C)

27 C (4,6) oopnn 03199 .2k = 4 (—k)+6k € (4,6) nn .2k € 2Z v (D)

NN IRND AN OP ,1DAN NNANAY NIPNIA ,NNINKRD NNNTO IMTI .6.14 NNNT
a,b € G ©I%Y NY NP OX HYND .DIDN NNIAP T DY NIXNN NNIANH™NN
Aa,b) = {a'V |i,j € Z} 92p)
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oVNY T ©-b-N 9D TR O-a-N 93 DX ITOD 1) ,NYaD> NN Moa
abaaab~tbbba"ta = a'b?
:0”PNN TPOIAN NMANA PO0D 19N
(ay,...,a,) = {a’fl...afi" }Vl <i<nk; GZ}

255 1Y Yoo’ n¥ap NN (A) DR DY 1RO DYDY NN L6.15 YD
AUND AU A nvnd 1mbhv masbnn NN DTN LA N¥apa NYMND mysnxa
T € A M2y ,MA3ONN 0 NPMN SV a0 Nt N nom A = {a|a € A}

G-1 NN AR IR 8N £ NN nomnwd gzt = 27 lr = € ovpon

90PN HMNANA DYDN YV 410 6.3

(a) N (b) = e o ab = ba-v 12 a,b € G v .nNan G >NN .6.16 WYV
NN b T DY DINNN NNIANDTNM @ T DY NIXNN ANIANDTNN P2 TINN MD)

N L(DIONPIY
o (ab) = [o(a), o(b)]
:[n, m] PN POPN o(ab)-v MR .m = o(b)-) n = o(a) YOI DNOW
(ab)m) = glrmlplnm) — ¢

o(ab)|[n, m] 52>p 3.14 Myv 295 [n, m| NX ©PSNN n, m-1 ab = ba 3
199 .af = b7 L (ab)t = e DX YOI NN YT IV TN

a,bt e {a)n(b) =e
O .0 (ab) = [o(a), o(b)] M5 .[n,m]|t 991 ,n|t N n|t MM
DOINRNDD DMK W (o) D'DOD KD 5,3 DR BIRAD M9V L .6.17 HPOY
A xn (1234) (56) Yw 27om 6 NN (193) (56) v 970N .6.18 NNt
.S15-2 45 970N NNANTNN INND .6.19 DN
N2 AN LS15-2 45 TON NN NN NN
oc=1(1,2,3,4,5,6,7,8,9) (10,11,12,13,14)

0(0) =1[9,5] =455 25 own
NMNIANN"NNY PO ,IXY N IDRY NNANDTNN ITOD MY TDRD ITOY NN Ny
TN DY Y (o)

72515-2 39 9T0N 1N D”P DN .6.20 NYNY
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DN OIMNN NY9OND SAPNNY 912> KO 39 TN IVRY NPON NND KD INNO
.S15-2

NN 13 TIND TAND 0 OIMNN NO9ONS 39 9TON NN DIAPY 1N’ DINN
S15-2 0waNR onoa it 109 13+ 3 =16 Yan, 3 7NN

Transposition NN NIPY Sp,-2 2 TN NN L6.21 YN
NN NY9IND DIWID Y (aq, ag, ..., a;) INNND 93 .(9TD) 6.22 WYV

(ay,aq,...,a,) = (a1, as) - (ag,a3) ... (ar_1,a,)
1ON

Sp={(,7)[1 <i,j <n})
25, NMana w 2 < r < n TINND DIMNN IO .(O9TD) 6.23 9N

9N Pwan () v n N D900  ©IMI IPNOYIMP NONY | NNO
JIPYIVON YT NP 1IA0 DI NNV 0D7T rl-1 ©I900N 7 IR ITOD W nyd
NV DN DN 7 W D

(a1,...,a,) = (ag,...,ar,a1) = = (ar,a1,...,a,_1)
WD S,-2 T TIND DINNNN I90NY DAPY -2 991DN 190NN NN PYNY 00
NERGE]
254 MIND DPIVAND DTON DN NN .6.24 9N
10N OYIVOND DITON Si-2 NN
DTN AN P - 19370 1
(12) (34) Svno ot 09N MW YV NYAMN N (7, ]) DNPN - 2 ITD .2
.(243) YonY 3 7INND ©MN - 3 7T .3
.(2431) SonY 4 78D oM - 4 9T 4
JS4-1 OPIYVARND DTON 90 NN N NVIV NN PPNID NN DD NN
255 MND DPIVAND DITON DN NN .6.25 99N
:0N OPIVAND OITON S5-2 INND
DTN IDN P - 1970 1

D NN NV DY NP N (4, ) NN - 2 170 .2
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3 TN 0PN - 3 170 .3
4 TR0 0PN - 4 970 4
D TN 0PN - 5 7T L5
.(231) (54) Swn5 3 TINND MO NON W 1AM - 6 1TV .6

7> 5 MY n-n NIV I1TON IR W S,-av 29 W NN

"waY Ynan 7

oMmraNNMMIN 7.1

DOOWOYOW XN f: G — H npnyn .mMan (H,e) (G, %) n»ynn .7.1 1910
Group D»PNN ONX MHMNIN 7Y

homomorphism
Ve,y € G, flrxy) = f(z) e f(y)

:DNVANMMIN OV DNV DINDY IEP NI PI)

Monomorphism  H -2 132110 G 75 90X MW IN DDONWOMY NIPI YNN XINY D09 MmN .1
J: G — H y>»v o”p N

Epimorphism TIONDOR DNDN N H 2D ANNY  DHONWDOR NIPI DY XINY DDINIMIMIIN .2
Epimorphic J: G — H ovoamran o»p o G Hv

image

TVONDWIR -1 G0 INY  DUOSWONIR NIPY DY) y'NN XINY Ov9NmmIn .3
G = H ety . f: G— H ovommvdr 0P DN

Isomorphism
Isomorphic

groups .G OV DOOWOYOW R f: G — G DOVOIMIDN .4

Automorphism

DPONMIPN ,DPONPAN ,DP9NMND ,DP9NNDIMNN TY MNWN NN I8P NPOA .5
JNNNN IO AN PON M mIND DYANMIVIN

g: H — npnyn nn»p DX P OR DOSNIOR N0 f: G — H Dpnyn 7.2 Ty
gof=idg o0 fog=idy-v 10 G

YTD MDD LNINYA DVONIIN N NN g NPNYNINY  (1NDI) MOIND IWaN
.g = 71 nman npnyn NI8NY Pa0Nn OPSMMUN NN f OPINMIMINY NoND
NTY) TPVNIT0T NPIVDD ,NPDOPODT NNON N NPINMDNY NINID D) IWOIN
ANap DD M TON ST NN MMANND NPONN D MPPY DN NO

,DNVONMOIMNN JN ONA AP .MNIAN P MPNYN MDD SY Do Mn 7.3 9990
N0 NN 3D ON)
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NWIN OR NNP PN N OV NN x> e 29) NN ¢ R — R* 1
200207909 D9ONN

M ovaMaN N det: GL,(F) — F* & 07w F o .2
det(AB) = det(A) det(B)

D09y DY NNVOON NNIVN DY HONDND IWAN DY NPNYNNY NOIND 1)
JoovNa (7,1, ..., 1)

295 DYANMMIMIN NN T — 2 290 MmN ¢: R — R* .3

2)7N2 ONRIN .OVAMMON NN 1 +— —1,0 = 1295 NN ¢: Zy — Qs .4
JPOMMIPR NYYNY )0 2 9TON MMIANN DOV N1

TINI TIRD MNDON NND DAMD OVONMIMIN NN fZ G — H npnynv nT1ayn
Sleg) =en 1

ne€Z950 f(g") = f(g)" 2

DTPN Pyon Sv o0 Mpnd L f(g7) = f(g)™' .3

Kernel OnM NNan-nn NN Jker f = {g € G| f(g) = en} M5 ,f 50 yywd 4
"5 DMan-Rn” Mt nn Aoy Junna) G YV

Image H 5w paan-nn »on im f = {f(g) | g € G} 95 ,f 5v onond .5
|Gl =|H| W ,G=H or .6

DXTOIDY NN ,NIPNI NI ,MPIM) DNVANMMIN OV IONRD NNDNN 7.4 DT
IRYS Npnyn F DTv Syn oo nop) oanm V. W v oaRyd nn2a0K3a
N5n2 orN L, dim V = dim W nody .;mman Sv ovapmin (@) on 1.V — W

009N T

J9IND DDA DY NNNN T DY TN’ 19N NYIAPI TIINYD IPNYIY WNIT 7.5 WD
S(9) oy maxn f: G — H ovammmin nymn i G = (S) ox T

PTHIN (TN XY DY IDAN) DI NXIAP OV NNNN DY NY AP 95 NOW 2D Y
DUNMIN NPT NPN p([1]) = 1299 NV TN @ Z, — Z 5vn5 .DvaNmmin
TAN TN 200 NITHIN NPN)

2

o)) = (1 4+ 1) L o((1]) + - + o([1]) =

,DIXPN P2 DNIYPNNY DOMN YOV 71TA0 v Y55 19N p([n]) = 0 v T
OVIMNIIN ATIPY 2T, DINPN MNNN DY DY DD»PPNN
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DPPNN PND TN g € G 999 >3 N .oV f: G — H > 7.6 99N

o(f(g))lo(g)

52PN INNYNN DY f IR DY) ¢" = e NITHIN 299 .= 0(g) DI DN
flg") = f(9)" = en = f(ec)

O o(f(g))In 1

NVPAMMON )N 4 TON MMIAN PNV DD ONN 7.7 29N

4 97on YR Y H-a0mab oy JH =74 "X G = Zg X Zig N2 IND NINO
N L1 € H wmo 4 97010 YK YV 9T00 IR L, G — H ovammvdN i DN
ND 9270 190 ,2 WX 1 9701 0RN D5 G NMana Mpnn DY AToN DX PONn
JPOMMIVN XD MNMAND 199 o5
MYPYIN NPSNMIPN MNANA 1991 ,02IDNRN ITO DY MY DVINMIPN 0N
MY )0, MMNMANA DN ITO DY

im f ™ 7928 G ORY DN 00N f: G — H o (102d) 7.8 WY
JOoAN H OR P OR 799aN G N ,G = H OxY 0N .1PDAN

JON im f N O G ORY NN OV fi G — H o 7.9 99N

W 329 anwWod YN x € im f o Lim f = (f(a)) 2 oy .G = (a) ) DN
G-v »an (G YSv mamar NN NN im f ) f(g) = x-v 7o g € G 1N
129 .g =a"-v 10 k € Z ovp nops

95w o .f(a) DY NPIN NN NN AN 9D MWD € (f(a)) D NHP
O DPINMIPN JN DIDN ITON NPYOPPSN MNAND

111 S35 = Zg DVONMMIVN DPP ONN .7.10 909N
3D Zig 12N TPOAN ND S35 ,RD NN
/0 (QF,) = (Q,+) DPaMMPN D DR .7.11 9290

10 .f(a?) = f(a)+ f(a) 195 .0P9MIN 1IN XN f 20 125w N2 K N
NN DON §-0 MNP W IN OY NN f-w a0 .= §+ 50220 own ¢ = f(3)

J(@) =3

NNNYNN DX NION 1IODP

fa?) = f(z) + f(z) = c = f(3)

A3 ¢ Q » NPNo 1IN 2% = 3 1O1P Y'NN N f-v N9
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tH = (5) <R* wnd f: H — Zs X Zz DVPOINPAN DPP DNN .7.12 9990

NN im f 03 IN L, TOPN NN H-v an D f 0”pY nDOva ) LN WO
NMANN D NPND R IR Am f = Zg X Zgz D 92p) 190 oy N f DaN ooy
JPOP8 NN Zig X Ly

11 GLy(Q) — Q' ovommmmn o»p ONN .7.13 99390

NNV L GLy(Q) — im f D8Ny any .M f 0pw N99WA M) XY NN
ADVOMMION NN f INYNN F-¥ 9101 DYSNMON IR 2D WITNY) DYONMIDN
DPN0 N 9N GLy(Q) Dy 995 .9aN im f 199 ,im f < Q19 5 nd yim

A3 MO PIIR VI .NHPOY
2009MVIN NN i(g) = ¢! 295 MITIMN i G — G NpNYNN NN .7.14 9N

NIV PITAD INRYI NYD OW VNN RO DNNYD DNIANNKD RN DPNYNNY NI NNO
’5 20 OWN g, h € G P (OP9NMMIMIN D) NOWAN DY NIMVY

. -1 — _ . . .
i(gh) = (gh)" = h7'g~" = i(h)i(g) = i(hg)
JPoAN G ON P OR OVSNMMIVIN NN 4 MDD .gh = hg DX P DX D»PN N

inversion 209 >75 9N2) NPNYNN YW DWN 23X NIyYNd

WP VOVN 7.2

Cayley's theorem .G =% Sg DVOMMMN OPPY N .ANMan G NN .09”p vawn) 7.15 999N
NIP) 120N NYYe oy T XKX-2 M ann nrspnan v Sy qOINA mMon
X9y MODDY MR

dg(a) = ga SNnWN 99395 [, € S O Y'NN SPND NITHIM g € G 5 /MW
M .ovaMMMIN P-v IR NN . D(g) =1, 090 ©: G — S PN VT
0P g, h € G 920v NOINY PN

lyoly =l
:a TN DY MO’ 1 a € G Y30 DX P DN MY NYEPNAN
(g o 1n) (a) = I, (In(a)) = Ly(ha) = gha = I,y (a)
DPPIN N g = [ M) YN0 KINY MNIND 27D .0v9mmin @ 1o,
g=g-ec=lg(ec) =lleg) =h-ea ="
] Sa-2 nown G P9 ,g = h P
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Euler’s theorem
Euler’s totient

function

Fermat's little

theorem

MV NNANND DN NN N0 .G — Sg 112w Man G = S3 N2 .7.16 DT
{1=id,2=(123),3=(132),4=(12),5=(23),6=(13)}

NN - NNANN DN 9D NN NIV g-2 INRNPYN D90 XD IR g € G TN 92D
:9 = (12 3) Y9 nmnn NX 2w ,Swnd .Se-1 g SV NN N R

dg(1) =299 1= 2995 ,(123)-id=(123)

1g(2) =319 2390 ,(123)(123)=(132)
1y(3) =1y 3— 155 ,(123)(132)=id
dy(4) =619 4 — 6 M50 ,(132)(12)=(13)
dg(5) =419 5= 495 ,(132)(23)=(12)
1g(6) =51399 ,6 — 5 m95 ,(132)(13)=(23)

2NV Pwn 290 g — (12 3) (4 6 5) YN Jon
153 < S3 11DV WY YTV DNIN N PO

12
23
13
VAYNI NI 2D MWV

LS, 7Y DNINTAN? MOWOWNR 72 ATDY G 9D DW3N 7D L7.17 HDPOY

SV DNINTHNT HOWOWR 72 TPV G THOYD N3N D .DTY F O L7.18 HDPOY
.GL,(F)

GL,(F) 5% nMan-nnd mammmr S,-¥ NN :INND 19
GL, 1(F)-2 S, "X 9v910) 0Mp .G — GL,_1(F) 00ammmm N0 DN

G = Zg W ,9AR G ORY IO .6 2TON NMan G onn (M) 7.19 990
G = 53N ,70aK KO G ORWY

ADNNR NNNPNS 2IWIN 7.3

IN2N VNN VAVYNN DX PPOY U, NN MY HINDD vavnn

pn) = U] 9% "y p: N = N AR mypno - (19N 0awn) 7.20 vovy
a?™ =1 (mod n) ©pnw a € U, 95 W3y

©(10) = nn Uyg = {1,3,7,9}-w anxn .3 € Upg 129 ,(3,10) = 1 .7.21 "t
3700 = 34 = 81 = 1 (mod 10) :07pmm 1O |Uy| = 4

OOVRY D W3Y APINR VOYY W W0INO TIPY ™ L(NNI9 DY 1OPN VAVYNN) 7.22 VOVY
aP~t =1 (mod p) V93 0(g)| (p — 1)-w DY a € U, 959 VW7 .|U,| =p—1

909121 9901n1 YV MNINND MIADN PNV NN VN .7.23 9990

2wn5 551 8,909 = 9 (mod 100)-w »an .M>pw ©n 130 mod 1n-v I3 WINS
.9121

99100) = 940 — 1 (mod 100) 19N VAWM 29 Sy NN ,(9,100) = 1-v P>
912 = (919)3.9=13.9=9 (mod 100)-v XN
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790N JNINA MDD L (n) 2PN AN NNDN NN AN 2XINN PINS TNXY
A0 N VYN TIYA NHY DNIVPN DIDNN 90N NN AVND DO YYD DOV

MPIN NY9ONY PI9D JN2) DOV I901N DD ,NPPONIIND DV YTIDN VAVYNN 29 DY
M%) (YYD ITO 2T TY) DPNYRI D00 HY

— kl k2 k'm
n=p; Py --Pn

,7129292 1NWID PNYNRI 19010 SV NPN DY IDNIN NPXPNND TI9)2 AN NYd
:aAVNY P ONMINY

_ _ 1
p (") =p" = =P 1) =" (1—5)
DNYOD 0OV 190N MN1AY 10N

e (n) = (pY'ps? ... okm) = o (p7) o (p5?) ... o (phr)

1 1 1
S A TR
P1 P2 Pk

D10

:p (60) NN 2WNY .7.24 NPT

@(60):60~(1—%) (1-%) (1—%)216

80732767199 2019 5w MNINKD MIADN PNV NN I1AVN .7.25 999N
2P mod100 22¥9) NS
80732767'%% + 2019 = 679 4+ 19 = 6770401 1 19 = (67%) . 67" + 19
= (67709 6771 419 = (1) 671 419 = 67" + 19

-2 Ry 199 100-5 9 67) Uygg NMaN2 67 DV 20900 DX NXINND AN Nyd
DNNYND PINS NNOND TNXD DTOPIN OV DNINONA WInv) 70 TN (Uigg
67x =1 (mod 100)

100k + 672 = 1-v 10 k € Z ©»p DX P OX IRNYND NINS W
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RSA

cryptosystem

67 5w IRYY NN ged (100, 67) NN PXI 2NN DTOPIN DNINON NRY2
:100-

(100, 67) = [100 = 1 - 67 + 33]
(67,33) = [67 = 2- 33 + 1]
(33,1) =1

MOD =3P ,1 =67—2-33=—2-100+ 367 :52p) NMNNXO NANOID
.3 NN 67 5v 0.nN
22 30 MNINNA MID0N NV MDD 671+ 19 =3 + 19 = 22 125

MNY TN 8

RSA m98n noyyn 8.1

MaxNY YW NwNNNN L RSA Maxn noIyn NN MMIAND NN YIDKYD INNT
DIPINON DY NNIND DNINT IR 2NN NN YT DY NDDINN MNPIVDPON
ST NNPOIN (DTN TIAINND PNV »Ty ,00 PI OV YY) RSA

JO¥IN J9IND NYTIN DONRD MOYY PINYN 12 :H90NN

TIND DP192) INIPR J9IND p, ¢ DPNYNRI DIGDN MDY NIMIA DON :MNNIND NI
pn) =(p—1)(g—1) My n = pg ©IBONRN NN NIAVYNN NN .(DNTH
SY192) MBXNY TIYNN RIPIY p(n)-2 NN e > 1 790N NIM1 NN qona
5v d ’993 DMN NNSM NN (NN JOP T 90N N 65537 = 216 + 1
J90N NN NN MDD A0V ITION NN IR MY U,y NN e
N .ANMMN OTOPIN DIPINONR T DY Hwnd de =1 (mod ¢(n)) 0»pnn

DY MM TNN PRY 2OV

NNANN NN JONIN NIOND KD TR ,PHN J9IND NN DOX NN NN9ND N8N
NYYS TIDA NIV NN d TIDN NNANN NN .(021Y IN) 12D (1, €) " NIN
DY IMND TNN PRY 2OV Nt D)

NN 0 < m < n OPPHRN m 90N NN DOND M NyTin NOY 212 :M9aNN
D 90N W PRI JOINA ¢ = m€ (mod n) MAXIN NYTINN DR NOW
DDV 51 11av N MynHin DY

¢ = m = m HO>Ton NNANN NNY2 m AYTHINN DX VAYD DN IV

.(mod n)

m

XY p = 61 AN SYNO NN DON .TIND DIVP DI9DN DY NNHNT PN) 8.1 NNNT
VNN NN .g = H3

n = pq = 3233 pn)=((p—-1)(¢g—1)=3120
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NI NYY OTON NN .p(n) = 3120-5 M PRV e = 17 NaxN TIYN NN NN
d=e'=2753 (mod 3120)

NN NNANN NN DDIAN NN DIVINONI DNMYNIN DAOVN Y NN DPOD » T
(n,e) nHv
NYTINN IN 2V XN .OOND m = 65 NyTINN NN NDYY N 212 N
MONIN
c=m'" =2790 (mod 3233)

2N ST HY NMIN NIVON DION NYD .DOND ¢ NN NOWVN
m = 2790°" = 65 (mod 3233)

M>y MOYWa MYYNo 0913 NPINTIN MPN DY 0»»aN *2A5Va DWNN

NOW) DY NIRYD NPTN 2N 2T DY IN PPON NPIRYN VIYNI MNYIN TIND

MNP DDAV 29 ©wI mlT 2wNd Sund  (NPNa INYA ANDYN 0) NIRIPIN
22N PANDI NYNOTIN MO9dON 17 — 1 = 16 opna 195,17 = 10001,

m'=m-1=65 (mod 3233)
m? = (m)*> =992 (mod 3233)
m
m

)2 =1232  (mod 3233)
92 = 1547 (mod 3233)
m ) =789 (mod 3233)
m'T=m (m®)? = 2790 (mod 3233)

(m
(m
(m

MPYTN NP2OY 22PN N (NNINKY NNIYNXI NNVY) m-2 NV IYRIY 1D DY)
MNP (1 MND) NPDN I90ND 52PN M W22 NOYN TYUNRD DN ,100015-2

- (ngJ)Q ok
" m(mL§J>2 NN ON K

ANOYN SY s |log, k-2 panond 9om nwos k may mF awny awrd oo
nYIOTIN MY90N k — 1 opna ,nranTm moaon |log, k-3 anvn 959 »iaia
2N NOw nya 27902758 Hv 21N WATH N33 am-a

NIV NVPXPNAL YNNYNY INTI ND YNy NYTY W L (INIMIN) 8.2 YYD
230 DINNA ONMIN T DY NPTPITN NYNA ROY .D2IWN DOIND T2 DNVDINY
VNOY DOV 220D DD AWANY MIAT MOPNN PV ,TIiPn MNDN MR NN9
,(THN2 DTN NOPNN DML XY MNNN NPY ML KD DIVNIS NPNI ND

LIV T TN Y NaPNN
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NOYD NN MMan 8.2

Presentation NP YN "DXONN OINY OT DY N NRIPIV MNIAN DY NNID TIT IR
G = (X|R)

05 MMYS LR DO NP 0y OINrN SV X NNapn T Oy NN G-v NN
L0129 OINPA TPAD NI (DTN XPNT IND) NN 1) G NNana YN
DTN DRI YYD RIN OO 10 TAX DOW)

NI 1 ATON OPN NNAN DY N 8.3 NNt
L = <x | $n>

PONNY AN ™ NNNTNN DR OXIT IURIVY . INPN DV DPTN NN DN DD
2™ = e DVnd MNPV 0y aN5N 00NN NP D95 TITA ,MNND AT DN
NN N NPNDYNN TPOPINN NNAND ,NNMIT 19IN2
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IM93) PRI NI S YN NIV o R?2 — R? p8pno (1t v ON) 8.7 D

Tsometry S¥ N2WAN DY NPIVMIPND GO DMOOWNR NP (d(z,y) = d(a(x), a(y))
DYPIN @ PIVMPN MYV 15 Nap L C R? »nn .nman X0 Drspna nasin
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ToT=0""
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JPOAN NPNR D3 02 RN D) D .07 = 702 )9
on D, M2N .8.9 DD
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POIPNN NNAM NN Y o 9.1

Sign DPND TN DY YOIDD RN LE TIND MDD 0 O 9.1 A1
sign (o) = (~1)*"

T,0 € 5, 999V T2 P8PNON NN 2N ,S,-2 NINN 9D DY 10N NN AVNY T
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OV YD VTIND MINK MNPY DT ¥ 1200 AT MY NN XOVY 25 MY
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JO AN NN NPIN NMNNN .2
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Alternating NN DMIANN~HN NN An (DY MHNHNND DNAN IN) POYDHD IMN3N 9.3 AT

group Sy OV
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NN MMAN-HN 9.2
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subgroup H < G yoy mt npna .gH = Hyg
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Center

Quotient group,

or factor group

nnY G NNIAN DY DD NN A 59N NI .9.15 ANt
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MYy Yan 10

9N YY DP9MIMIMNRD oavn  10.1

First W L0 G = H BHommmm )y L(HIYVRID DHDWOIKRD 0OVUD) 10.1 VOV
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K| € 25 |K|||Z14] = 14 & K < Z14-9 YO0 K = ker f 1903 0o
PR Y5 My ;1T {1,2,7,14}

/g = m f 52p) PNWRIN DOANMIPRN LIV VNN NN f N | K| =1 ox
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Daf(o) = Ly
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), P amNg (0%, 1), (0%, 7o) < Dy D3
D4/<027T> o~ D4/<g2’,rg> ~ 7
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NMIN )0 M .G/ze) = (aZ (G)) yMayw a € G 7P 1991 ,ON G/zG) MW
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geG
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Inner

automorphism
Inner

automorphism

group

Conjugates

Conjugacy class
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Inn (G) ={v.]a € G}
.G OY DHYDHOD DIDVIONDIVIRD H N3N DNXIAPI NN AMANND
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kerf={ge G|y, =id¢} ={9€ G|Vhe G:v,(h)=h}
={9€G|VheG:ghg' =h} ={g9€G|VheG:gh=hg}=7(G)
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{g} ron

47



AN .1 XD ITON g € G ,nMan G onn L11.3 a0
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.g € Z(G) nx ,n 7010 G-2 DIVN TY PN DN .2
DMWY
D 25 W b= aga”! vMayw a € G ©»p P9 0TS h-r g .1
-1 -1
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(a (ay,as, ..., ax) a’l) (m)=o0 ((al, as, ..., a) (a’l (o (az))))
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Cycle type
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Quaternion
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Discrete
logarithm
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Diffie-Hellman
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T-g =-Y D T NINDD N DN A € Z, Y2 g # 1 M) pim nInad
AVND Y IMRY g1 9995 1090 D7 199 L(g,n) = 1 3 WY T A (modn)
2 = hg™! (modn) NN PINSN 1P .M DTHPIN DNINON NNRYI

TN 0 TN G = (g) DOPN NMAN NN L(JAON-9T 9PIvIND) 13.23 WYV
ANPIND MIFD GONND INY) TIND 21T ONYNRI p NAY U, NN N2 52pn 530
MY NN a € [2,n — 1] 220 7901 PTID Y09 NNAN ¥ NYIA WHNWN 95
WIT TPIPY NIANN NNON NP2 RN 21 DON ,DVNNYN MY PR .¢g% (modn)
20M0 P9

.g% (modn) N5V »N¥N NNANN NN 2120 NN DOR .1

pnan N1 ,(g%)” (modn) DRSW qmwnn NIO¥AN NN9N NN AWHN 213 .2
(g*) ™" (modn) Mayan
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N (¢°)? (modn) NN NIVAN DON 1Y TIONN NP NNP POHIN IMN 3
(g*)™" (modn)

g% (modn) Dy MmyTn yasnd 0N DTTNN DY Nyd .4

O RO OINPTION ATV KD 212 OOX OV YTION NNANN TONNA .13.24 WD
STON2Y NMIYON NNON NX MIANNN NNONN AVND 1) MDD PV NIN DNPINDND
IN) 2120 N DOND TITA IMRNNND 91D 9PNy N NNX NN NIPNN MNAD v
NAPNN NYIND INY ONINMNN INY DIPIVINNT DWNNYN D191 1501 ,(DNIvD

N

p = (TP MA1TNI) DIVP DI90N DY DMINOND NN Y .13.25 NN
Uz = (5) 98 902y .23

b =15 9m1 212 .55 = 8(mod23) nx 2129 NSWN 199 ,a = 6 NN DHON
2121,19% = 2 (mod23) 2wnn ©ON ny> 5% = 19 (mod23) N DORS NSV 199
815 =2 (mod23) avr

VY AYAIN Yvan 14

MpPYNNRD NNNYN  14.1

LDIWVIN DYDY PO MPONNN NRNYN NN XY NID

Center nNAPN XN G NMAN YV N L14.1 191N
Z(G)={zr e G|zy =yx,Vy € G}

G 9V 1917 nMannn Z (G)-v 1R )0 m0d)

Centralizer NNAPN NN OV MDY,z € G 930 .nMan Gonn .14.2 YD

Ce (z) ={y € G|ay = yx}
.G 99 nan-nn Cq (2)-v 1R )5 1m0

Conjugacy class ~ DPNY 2 99 VDO APIMY NN P .2 € G o0 .nman G onn .14.3 1910
NP

conj (z) = {gzg™" |g € G}
0P x € G 999 .14.4 YD
(G : Cg (x)] = |conj (z)]

95 Moo 5 = (12) (34) oy masnnnn S,-2 MINNNN 190N NXR NN .14.5 59390
Ly =6 mmrpnn v € .5, mMMnnn
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|S | | RARRAD)
Cs, (B)| = cons (3]~ 100 (7 8(n—4)!

A9ND MmN 8 v 541 Ownd

MTRY NPOSNN S RN LG : Z (G)] = n-v 75 oo nMan G onn .14.6 990
DN 1 NN 955 N>on G-a

1Y .7 (G) < Cq(x) opm x € G 939 )Mo
n=1[G:Z(G) 2 G : Cq ()] = |conj (z)]

Class equation NR VD N3N G ODN L(MPONNN NXNYN) 14.7 VOV

Gl = 3 leonj(2)| = 1Z(G) + X &9

T rep. ¢ Z(G) rep.
NAPIND 70D M) VNI YT 7Y VYD TIPINY 70 771 IR TIVDID DYDY 130N
AS)D RIDY TNTDOED AIPIND 7T IV INTDY
Zg=) S3 N2Y MPONNN NRNYN NN DIV .14.8 99N

MTNRNN NPONN 192 TPYIAX I NNAN . Zg OV MPONNN IRNYNND 2NN )NNO
6 = NN Zg SV MPoNNN NIXNYN 100 7202 TR AN NOOD AN DD OV
dA+1+1+14+1+1

2o NADM Sp,-2 MTNY NPONN 1S3 OV MPONNN IXNYNN NN PN NYD
VNN DIV .6 =3+ 2+ 1 92p) MDD NNt DMNN NN MOYI MNNNN

lconj (id)| =1 e

conj (~—)| =3 »

jconj (— — )| =2 »
p-group NN N2 YN 9D YV ITON DX ,p-IN3N KIPN G 0NN ONWUND p o .14.9 7910
MYOR MY |G| = p” ON PN OX p-nNaN G N, N0 G ONY NN .p YV NPt
neN

JONMPIV PN P-NNAN DV 1INV NN .14.10 99990
OPPNN MPONNN NIRNYN 29 DY .p-NNaAN G NN INNO

n pn _ n pn_ n n—r;
1Z(G)] =p —Zm—p - p,,i—p —ZP

9TON NN PONN P ONNY PN 199 p-2 PONNN NIRNYNN DY P GPIRY 2D OW)
ORIV NPNY N KY Z (G)-v yan won .7 (G) Hv

61



Commutator

Commutator
subgroup (or
derived

subgroup)

JPOAR NYND MIAYN Y IRINY RO DY p2 70N MNIAND NN 1IN .14.11 D90

|Z (G)]| € MY 95 15D PONMIV ND 110NV DYTY DX OTIPN 23NN 299 WIN
MY MY L, Z (G) = G-v NN AN P e mHan AMany oy {p, p?}
JZ (G)| = p? Prvnav mons 1wby 135 0915 NMaNn By TN NMINN
191 2IWUNT ATON W NNIANTNN MDD | Z (G)| = p-v MDD .NOW NDOWA M)
Mam nyd b e G\ Z(G) 2y |Z(G)] = (a) 989 > Dy nyy) 199 .HpN
SN 299 199 (@, b)| > p 03 M3 b-a DR T DY NN NNIANNTNNA
.G 95 2o {a, b) 995 .[{a,b)| = p?
NI, IPOAN NN DN DANY Y 0T DY NINNDN NMNIANY MININD N DY
.ab = ba YD ,0a5NNN NYY DINPNIVY
WIN IR TI72) .G = Z (G) NN 390 .a € Z (G)-v Ton yan it PR
(.7oaN G 9 N N G/z(@) 2D
Zy2-5 W TPOMMION p? 1TON 1NN YV HIAPI ,NPIIN MNIN 1PN LAYN 29
Ly X Lip=2 N

MNOVIMPH HMIANTHN  14.2

VRN NN a, b € G OIDN M OV ZWOMPD  .0Man G XN .14.12 D910
Ja,b] = aba=tb~1

.ab = [a,b] ba 995 19N .[a,b] = e DX PN ONX DAININ a, b .14.13 WD

PN (NN NNANTNN D) NNIPI) WOVDYPD MMN3N NN .14.14 N910
G'=[G,Gl = ({lg.h]|g, h € G})
.G OV ©MOVIMPN D T DY NANNN NNIANNTNN MDD

G' = {e} ox P OX MYIN G .14.15 WD

JroaR G Mann and Ty "NTTn” MOVIMPN NNIANTNN ,NVYND
Ja, b7 = (aba b)) = bab~lat = [b, a] .14.16 WA
H' <G w H <G DR L.14.17 WD

gla,b] g7t = [gag™t, gbg']-w M 295 Swnd .G’ <1 G .14.18 YWD
000 .AYONIMN NV NAIN PN ONIN DYYND NNPPHN MNMOLVIMPN NNIANTNN
oopm f: G — H ovamnmmn

f(la, b]) = [f(a), F(b)]

29 DPONMIVIN Y30 DPPNN MY INRINY MIXIND 2200 G YV NONIN NNOIND
.G v
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Simple group ND NPHNIM MNIANNN PR G-D OX W0WO N3N XIPN G NNaN .14.19 D910
JYONPIL

(PO RPNT IND) TPOAN NNAN .AVWS n > 5 May A, NMann .14.20 NPT
INYNI p MY Zp-b ONMMITN N ON NVIVS NI

Perfect .G = G on Ao INIPY G Nan L14.21 A0
JIDIVID RO IR IR R D0WO N3N G BR .14.22 TWROY

MMAN~NN N2 PR ,NVIVE G-¥ NN .ITIipn NIyNnad G < G 07pnn . Dmn
G # {e} ;AN NO G-v Yo {e}-1 G nrONrIvn MMann vy NPYoNIN
O .G’ =G n1ona oy

N9 NOWS NN SwnY Zs Yan A = A, ooprn n > 5 ay .16.23 ot
JPOAN NN D NNoVIN

Abelinization AMNI ANTHD TIRD HVD KD, G 20 HSOINIIRD IRIPY G/ THoD 114,24 VOWUD
VD .G WY

0N G/ nyn G nan 955 1

G/N o) G < N ox pM OXR MYaN G/n-v ovpm N < G 939 2
G/ 90 NmYH ANMMIIN

Aler = A, moaN A ON .14.25 DN

de, 0%} = Z (D) < G-w wrY Dy = (0, 7) NN .18.26 INT

(p? NIN NSV ATONY NPON) 9AN * NMANNN .|P1/z(Dy)| = 4 NN ) md
14,11 5910 95

N9 Dy nmann D) < Z (Dy) ,p8orharn Sy nvonopnn nnon 0ab )oY
D), = Z (Dy) 99 .Dj # {e} 195 moan

1 >5 My S, NN RYD L1827 99N
195 .sign(a) = sign(a™t) »3 29 o3 [a,b] = aba" b7 € S, > N9
sign([a, b]) = sign(a) sign(b) sign(a~*) sign(b™") = sign(a)?sign(b)* = 1

, 00 NN RN DNOVIMP DY 129N DD O 1IN NN NN NOVINP DD
SH< A, P9

WNY O T AL < ST omp msnw nayn 0a oy 00 LA, <5, 00 Aom
Snfa, & Ty DANN TT2 .S, = A, 1092p 9 A = A, O7pnn n > 5 Nayw
SI= A, 92p) ,PNOYOIAND NPODIDPN 19D 1D L1PYAN NINN MDD
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MM MMIaN Navy N

MOV DINN NNAPY PMPDN NN 2INID AN “NNDNN” 22901 N NN IUND
AONOY MM MMNIAN NNOD NNNNY KD Y N .N2WN NN N0 »Dan
£ Y201 DTN IR ONYYD NYs oy v NNan (G k) N (G, ) @
.0 Y2191 DTN DR 9N NN DY DNHYN 090NN (Z, +) @
0 Y01 DTN AN DN NN DY n € Z OV MNadn ,(nZ, +

VN .7 INTIN NN DY -2 NPINYIA PN SV MY pv mpdnn [(Z,,,+) ®
0] w0 ymon NN

1] W 1 y2en AN AR 2 TN 95 oy AN nan (U, -)
1 ymon NN AR 909 995 0y 1 ATon DTN WNY nNan (£, ) @
YIDN DTN DR DTV NND BY F nTv Sv nann nnann ,(F +)
.0
1 ymon NN AR .NTWA Y950 0y FnTv YY mYaon nann (F* ) e

TN MION NN OY F DTV Oy 1o X n 9T mon (M, (F),+) e
.0, W0 Y200 DTN

0N 995 Oy 1 AT F Syn mooon maryon nann (GL,(F),:) e
YNON DTN DR F DTV DY X n TR MDD MPI0N 0N DIDND
d, W T

0N D95 oy n M F Syn nTnvnn arydHn nnann (SL,(F),) e
TN LF TV Syn 1 nvIynavT 0y noxX n 9T MYPIvN 0N DIDRD
g, W T ymon nTren

Ad Y200 DTN TR LNPSPNS NADIN DY NIVYYON NNMANND ,(Sn, ) .

DIPEPNG NN DY (MYIMRA MIDNA NNIN IN) PN 1Nan (A, ) @
id ymon nTrn 1N

Aid Y2100 DTN AR APEPNS NASIN OY OUITTN DA (D, ) ®
1 ymon nren AN .0»IoNPn NMan L(Qs, <) @

2WAN PO IR ONYI 027 DIPNIA D90 1D - MINMDN NS OXY 2D WY
D12 O SYNY IX e DIPNI e DIV DTN DN TOV D WITID T DINIYD
Lo 5v nomacnn nana nrnen YN May 0
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