
c"ryz aia`

mi`wihnznl dwiqit

oehlind ze`eeyne xeniy iweg :5 libxz

i"r oezp U(r) = −GMm/r l`ivphet mr m dqn lra seb ly o`i'bpxbld .1

L = 1
2
m(ṙ2 + r2θ̇2)− U(r)

.dirad ly o`ipehlindd z` e`vn (`)
? recn ? zkxrnd ly dibxp`l ddf `ed m`d

oehlind ly drepzd ze`eeyn z` enyx (a)

ixhniq `ed ik e`xde zeifhxw zehpicxe`ewa o`i'bpxbld z` enyx (b)
.x→ x+ εy, y → y − εx aeaiq zivnxetqpxh zgz

? ef dxeny idn .aeaiqd zivnxetqpxh ly dxeny e`vn (c)

-pet ly dnly zxfbpa dfn df milcapd L,L′ mip`'ibp`xbl ipy ik egiked .2
mixney ,L′ = L+ df(~q, t)/dt xnelk ,f(~q, t) onfde zehpicxewd ly divw
dlertd S ′ =

∫ t2
t1
L′dt xy`k ,δS ′ = 0 ik egiked :fnx) drepzd ze`eeyn lr

.(δS = 0 ik recie L′ l dni`znd

δS ′ = δS + δ
∫ t2

t1

df

dt
dt = δ

∫ t2

t1

df

dt
dt = δ[f(~q(t2), t2)− f(~q(t1), t1)] =

=
∂f

∂qk
(ηk(t2)− ηk(t1)) = 0, k = 1, 2, ..., n

.ηk(t1) = ηk(t2) = 0 y jk ,qαk (t) = qk(t) + αηk(t) milelqn xear

zilrn zxwzl zxaegn (` jxe`a heg dvwa m dqn) zihnzn zlhehn .3
.dcarnl qgia ~v0 = v0ŷ dreaw zexidna drpd

mil`ivphetd z` enyx) L′ dcarnae L zilrna o`'ibp`xbld z` elaw (`)
ik e`xde (zlhehnd ly lwynd ieey zcewpl qgia

xy`k ,L′ = L+ df(θ, t)/dt
.f(θ, t) = −mv0` cos θ − 1

2
mgv0t

2 + 1
2
mv20t

1



epid L zilrna o`i'bp`xbld

L =
1

2
m`2θ̇2 −mg`(1− cos θ).

x = a dcarnd zkxrna m dqnd zehpicxe`ew z` zrk onqp
L′ dcarna o`i'bp`xbld z` lawpe ` sin θ, y = v0t+ `(1− cos θ)

L′ = 1

2
m(ẋ2 + ẏ2)−mgy =

1

2
m(`2θ̇2 + v20 + 2v0`θ̇ sin θ)−

−mg`(1− cos θ)−mgv0t = L+
d

dt
f(θ, t),

xy`k

f(θ, t) = −mv0` cos θ −
1

2
mgv0t

2 +
1

2
mv20t

.

.zedf ok` od ik e`cee L′ e L xear drepzd ze`eeyn z` enyx (a)

dpid L xear drepzd z`eeyn

m`2θ̈ = −mg` sin θ,

lawp L′ xeare

m`2θ̈ +mv0`θ̇ cos θ = −mg` sin θ +mv0`θ̇ cos θ

.zedf ok` ze`eeynd izye

i"r oezp (ξ, η, φ) zeilea`x`t zehpicxewa iytg wiwlg ly o`i'bp`xbld .4

L = 1
2
m(ξ2 + η2)(ξ̇2 + η̇2) + 1

2
mξ2η2φ̇2

.(pξ, pη, pφ) micenvd mirpzd z` e`vn (`)

.o`ipehlindd z` e`vn (a)

zeivwpet izy ly oeq`et ixbeq z` xicbp .5
zeidl f(q1, ..., qn; p1..., pn; t), g(q1, .., .qn; p1..., pn; t)

.{f, g} = ∑
i

(
∂f
∂qi

∂g
∂pi
− ∂f

∂pi

∂g
∂qi

)
zkxrnd ly o`ipehlindd H xy`k ,df

dt
= {f,H}+ ∂f

∂t
ik egiked (`)

2



ik e`xde zeifhxw zehpicxe`ewa 1 dl`yn o`ipehlindd z` enyx (a)
{f,H} = 0 zniiwn c1 a mz`vny dxenyd

dxevdn `edylk l`ivphetl a5 z`vez z` elilkd (b)
U(x, y) = U(x2 + y2)

oeq`et ixbeq ly ze`ad zepekzd z` egiked .6

{f, f} = 0 okle {f, g} = −{g, f} zeixhniqihp` (`)

{f, const} = 0 (a)

{f, αg + βh} = α{f, g}+ β{f, h} zeix`pil (b)

{f, {g, h}}+ {h, {f, g}}+ {g, {h, f}} = 0 iaewri zedf (c)

{f, gh} = {f, g}h+ {f, h}g (d)

i"r oezp heyt ipenxd xehliqe` ly o`ipehlindd .7

mipzynd z` zrk bivp .H = p2

2m
+ 1

2
mω2x2

.a =
√

mω
2

(
x+ i p

mω

)
, a∗ =

√
mω
2

(
x− i p

mω

)
.a, a∗ zervn`a H z` e`ha (`)

.{a, a∗}, {a,H}, {a∗,H} oeq`et ixbeq z` eayg (a)

.oze` exzte a, a∗ xear drepzd ze`eeyn z` enyx (b)

.mzlaiwy zepexztd zervn`a x, p z` e`ha (c)

.xiyid aeyigl eeyd .c7 ze`veza yeniy i"r {x, p} z` eayg (d)
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