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Trivial group

Group of units

General linear
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Symmetry group
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Abelian (or
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N0 C Syn 1 ATOY DM WNWW NP L(ODTD) 3.4 DT

2
Qn:{zEC|z":1}:{cisik k:(),l,...,n—l}
n

2
NN 2, MmO .Q, = (w,) YIP) w, = cis— PO ox .C* 5v nMan-nNn n
n
Y Pand 210 Qg Ny DX N ORTD w, T DY NI OPN NMNMNANTNN
JYOPN MINAIPY MMaNN

[e.o]

AN s = U 2, DN VN NP NN YO0 L(ODTD) 3.5 DN

n=1
(NN NION2 XD NN MMAN TIR) .99 »2)0 NN NN O .1
L0910 91701 NN Q-2 AR DD M) 0 () < 00 ,x € Qo 99 2

TN NN O .3
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Torsion group

(External) Direct

product

J7MN0D N3N OONRNP PN AITON NIN TN 9D NAY 1D NNaND

25 990 .C* 5w NMan~NN NNV ONY MR T DY MAan NN o L1

NMANTNN XIPN) NNIANTNN NN TPHAN 1NN OV HIND ITON DIDVND GOIN
970N DIDVND DO NN PYTI NPON NNV DN L NITIN A0 (o

120 195 ,C* mdoann nMmann Sv '.o
g1, g2 € VIV NP> RO NN PN |1 € Q2D MO :NATHN 29D YNan 19N
I,k € Z may 1m0 .gs € Q, ,g1 € Q,, DNAYY M, n DNI”P PO Ny

OMININ
. 27k C2ml
g1 =cas——-, g2 — CIs——
m n
AP
2rk 2wl (27rk m)
g1g2 = cis—— - cis— =cis| — + —
m n m n
27 (k l
s (M) ca. ca.
mn

g e, COy DIIN,g €, OX NV NN NN 229NY MIID
NV TINMR ,INY 255 191N, MNAN NIYIY DOV TIRY 727D )0t ¥ ON)
(.NMan N, MmMan by

o) <n 3o .z e QM n ovp z e Qy, 935 .

Qe TN N0 N Qg DY NPOPINN MMIAND~NN YD ,0TIPN Pyon a0 .

AN NNXD INY NNV 12N KD 1997, TPD1N

MYAN YV N NYaan

IMINS

3.2

SY MDaon Y515 ,1an DNAND .MNYP MMANN MYTN MNAN DY NN M2
MDA DT NPPORNNN 1 NN (H, @)1 (G, %) NYNN .MM 0 INY

GxH={(g,h)|geG heH}

MDD ,209-207 G X H Yy © nYIye 1) 3.6 2WYV

(91, 1) © (g2, ha) = (91 * g2, h1 ® hy)

AN CHA G OY (MR WD D79300 INIPIN NN N0 (G X H, ©) N
(eg,em) M0 G x H-2 nron
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0waN NN 0T .C* X Zg Yy Yonv) 3.7 Nt

(—i,2) ® (4,7)
(54 3i,1) ®(2,2)

(—i-4,247)=(1,1)
(54 3i)-2,14+2) = (10 + 64, 3)

.(1,0) NN 197030 NN

22v1a - DX DY ,©-2 G X H S¥ nYyan DX 1905 O01pna ,»voyn (3.8 D
NN

2(n > 2 MAY) OIS Z,, X Ly DR 3.9 99390

JON i ANY 939 NN (a, b) € Zy, X Zp, AR 92 9Y ATONY MO IND NN
(a,b)" = (a,b) - (a,b)---(a,b) = (a+---+a,b+---+b) = (na,nb) = (0,0)

m < n n1dna ,(a,b)™ = (0,0) yAYY m OYNN 90NN NN ITONY NP
NP OO0 NN Zy, X Zip-2 DR DD DY 9TON N0

N |Z, X Zy| = 0% 070 N ON AN RN AMNAND D PPOY Ny
7NN 991 ,MD PR TN .n? TN DN N RO AN Z, X Z, NNMann
JDOON NN

JPOPN NAONA NP NPOPPY MMNIAN DY DDAV IDIN OTIPN 99NN .3.10 WD
JPDAN NINYI NPOAN MMNIAN DY ND9ON NN NMYD

MHVPON HNAND N 3.3

Symmetric group N 7 DNTO IMVDIDD IN3ND L3.11 NN
Sn={o: {1,2,...,n} = {1,2,...,n}| o is bijective}

- MINX YN ,mxyo {1,2,...,n} NNHAPIN S Y'NNN MPRYNN 95 GOIN Nt
N2Yan AWNd ,NMan 0 S, {1,2,...,n} 079000 SV ATON MPY DI qOIN
NIPY S, DY AN DD MMN IONPNS NIN DTN DR LNPEPNS NN NN
Permutation AONDN

oy XX Nmna o900 nMan prTa Non S, NMaANN (0 v ON) 3.12 YD
X ={1,2,...,n} 99N> ,n2590N NNy

0(2) =7 ,0(1) =i NN NN o € S5 TN S5 NN IONTI NP*3 .3.13 NN
MNYPA IO D Mo i, 5,k € {1,2,3} AN 0 (3) = kA

123
i j ok

g =

:93-21 DINN YD AN YNHNIA N
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Cycle

Length of a cycle

Disjoint cycles

id = 1
1 3
2 3
T = 2
2 3
2 3
o= 3
2 1
9 1 2
O =0go00 = 4
3 2
3
OT =00T = .5
3 1
1 2
TO=TO0C0 = .6
1 3 2

TR S,-9 MIRY? 99 DY \ROD .07 # 70 D VIR IR S3-¥ 37 DWW .3.14 WP
V3R N7 RN D 1 > 3 9% I

N0 o (1) N N IMAVARD 190N 1PN .|S,| = n! NN ATEN 315 2w
TY L, 0VON 15 0 — 1 N0 o (2) IR NN DMIVARD 190N T NN .1
;290 702 39N ROV PINKRD ADRD 1 NN 0 (n) AR NMNAD NMIVIRD 19010V

ASul=n-(n—1)---1=n!

SY MAabNN DY TNN DIYN NINNN NN NIN S,-2 (WY IN) INNY .3.16 DTN
LDNNYY DXNOYI DM9DNN INYY @1 > Ao H> Ag > -+ - > A —> a1 DY D900
(a1 ag ... ag) MANN SV WD (a1 ag ... ap) NP RN NN IR ©AMD

Kk Non

25 wovw (12 3) Mmnnn N0 3.13 NTA NIANOY o € S3 NINNN L3.17 NNt
MM NNNA 1T NOV

1 2 3 4

DMNN DR P80 (45 2) mnnn ,S5-2 .3.18 DNt
1435 2

DINAHV'I THNDD IWKRD DN DINRNY NIDWD DMND7 TN DNWDN 7D .3.19 vovU»
IOIPY AR DHYY TOY GIIYY 19DV BD? PRY BINRND RO "oy

DY O2IWN 192 ,(2WTN) Nt DY T OAONNN O DINNNY 20 MY .3.20 TIYD
NNIOVND NMINN DY DNWN IWNRND INY DOP DY P DINNN
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1 234567
D .o = :S7-2 INAN MDD DY DOND) L3.21 AT
4 7315 26

IMNND DY NIAYD DNNMY ,I9010 DNPIY D0 DINNN NYAOND NMNX IND
DWVNd Ja Nnnn
l—4—1

DN ,Td 2w Nyd (1 4) MNnn IR 1D P DMNN T DY NNOI TN
PINN 790100
2762

,0NNYY OO DIDNN INYY 10 DWY .NNOA (27 6) MNP DX YIP) N
P9 55,3 300
=(14)(276)

NoWN o2 N9 71729 19010 95 Yy Mayd ,N7THNN 299 N9 AN .02 NN 2WN)
22P) ,0295NNN O DIMNNY NP [ DIN HNIN

o2 =((14)(276))>=(14)°(276)°=(267)

WA YN 4

mponn 4.1
VI L9 € G 930 .nman~nn H < G onm ,nan G onn 4.1 DN
Left coset gH ={gh|h € H} C G »n H 33 g 99 MIRDVD dpnon e
Right coset Hg={hg|h € H} 20 H 337 g 79 MDD dpInvn @
G /H y0) nrHNnvn mponnn qoiN Nx
NMNaNN~ NN Yy YonoN ,G = S3 NN NP2 4.2 NPT
H=1{(123))={id, (123),(132)}
:G-1 H 5v nvd xnwn mponnn

idH = {id, (123),(132)}

(12)H ={(12),(23),(13)}

(13)H={(13),(12),23)}=012)H
(23)H=A{(23),(13),(12)}=012H
(123)H ={(123),(132),id} =idH
(132)H={(132),id,(123)} =idH

Ay
Ss/H ={idH,(12)H}
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:H = 5Z 5w nvORnvn mphnnn Yy 9onon G = (Z,+) DN NP2 4.3 nnnt

0+H=H=1{..,-10,-5,0,510,...}
1+H={.6-9-41611,...}

24+ H={.,6-8-32712,...}

3+ H={. 6 -7,-23813,..}

A+ H={.,—6,-14,914,. ..}
5+H={.,-50,510,15,...} =H
6+H=1+H

T+H=2+H

DV ,Z-2 BZ 5% NYONNY MPoNN wnn ¥ 00N T2 .ARDD 1)
7/572 ={H,1+ H,2+ H 3+ H, 4+ H}

H = (2) ={0,2,4,6} 9y 9onon ,G = (Zsg, +) DR NP2 (2t v ON) 4.4 D0NT
1N NYORNYN MPONNN

0+H=H, 1+H=1{1,357,2+H=H

2995 191N

H, if a=0 (mod 2)
a+ H =
1+ H, if a=1 (mod 2)

.G=HU(1+ H)-v 25 0w

(NVPIPN IN) NVPORNYA MPONHNN NNSIY MNXDNTIN MNXRID JNNIY 29D 4.5 DIYD
oM L,T0 Oy QO LG OV gy vy H < G nmanTnn by

a~gb<— aH =bH

NNt 0503 .G Oy MDPY 0NN a, b € G OIDN Y DV MPONNN P2 1PNV DY
(N2 VOYNN NAYA

W .a, b€ G YW MYININ H < GHon DN GO L(NIRNIN) 4.6 VOV

a€ HoxpnoxaH =H v9a b lace Hox pnoxaH =bH .1

aHNbH = 2 wWaH =bH o»pnn bH-Y aH mponn »nv 530 .2

O TINNON U gH = G :nann Yo N0 MpoNnn 90 Sv TinNn .3
gHeG/H
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PYNIND PYON DR P NON .DTTA NPPONNNNA DN NYYND Nt (NMRYINA) DN

DTN AN NAY V191 .ah € bH b € H 999 nR aH = bH or :(«)
NI5N2 Y ,a = bhy € H-v 75 hg € H 0”pv yan XM .a = ae € bH
bla = ho € H

.a = bhy 39 .b7ta = hy-v 75 ,hy € H 0»p nx b~ ta € H-v non (=)

ON DA .aH C bH Y95 ,ah = bhoh € bH-v o»prmm h € H 935 ,nny
00 .bH = aH non23y9Y .bH C aH-v 19N IMNA 9apn b = ah; ! 7X ,a = bhg

{gH | g € G} nvORnYN MPSNNN P2 53 Y/NN INRNN NNYP L(MRYINI) 4.7 DIYD
(Hgw— g~ 'H) »a5 {Hg|g € G} nvmd

gHw— (gH) ' ={(gh)"" |he H} ={h ‘g7 |he H} ={kg' |k e H} = Hg™"
DI MPONNN 190N MY NPONNPYD MPINNN 190N 129

NIPY M 1900 G H] yoa G-2 H Sv mponnn 1901 DR D) .4.8 1910
Index of a .G-2 H 5% DpIORd

subgroup
APNIY MINDONTH 29 DY 4.9 DT

[Z:5Z) =5 1
1Sy ((123))] =2 2
Zs:(2)] =2 3

,2INY JOP DPTIRIY 933 .ANANN~NN 5T T NN [G : H| OPTYRD .4.10 DD
[G :A{e}] = |G [G: G] =1 on ppn »pn any 9T H nMmann~nn 7o

|G : H] = 0co-v 75 ,H < G nMman-nm G nMan Xy .4.11 90

H =7 nman-nm G = (Q,+) »nn .o
YN DIDNY MPYHNA a1 a5 0 pa o o, ay € Q 012w Nv NP
-v Dap) oY

{1+ 0,00 £ 1,1 +£2,...} =1 H #aoH ={as+0,as + 1,00 +2,...}

,1 925 0 2 Q-2 ©1901n0 mnod mnad X0 G-2 H 5v mpbnnn 1901 )09
JPDYN NIV
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IR vavn 4.2

a € GY39 jaH| = |H| o7pnn .nman-nn H < G onm nan G onn .4.12 twyv
VAVYNN NR D2APY TN IR ,G DY DN’ SV MDPY MpPoNN NN 10 MPYNNY »oan
N2 2NN

Lagrange’s |G =[G H]-[H| ™ 2Wannn H < GHom anan GOon L(1NDD) 4.13 0ovy

theorem

N3N Y ATOD DR PIND ININHN 2V ATOD  TNOD N3N N3Y .4.14 WHPOY

[€

— =[G : H|

|H
o0 o(a) = [(a)]-w »ov 7 ()] | |G| ™ {(a) < G-v oY a € G W3y 0103
alCl=epwpmm @ € G995 B 1P DAN3HD 29 1TOD AR PIND N3N 1N 9 Y

NXAPNN 0N Zip-1 DIDN DY DPIVIRD OITON | Zy| = 10 My .4.15 Hnnt
{1,2,5,10}

0”p NI5N2 oXD |G| PR PO m € N 190mm 190 nMan G OX .4.16 99N
m 970N 1N G-

Loy X Ly DNAND DR N TPTI DNONT NN XD INNO
290N ITONY 721X .16 IR 8 79700 12N N2 PN DAR 1610 NMann 1T
N N 16 ATON R OPP PN IDR Q0N 4 INYD D35 NN NNED N7ana

o> 1 My OIS YN Z, X Z, 0NANNY 1NN DAR O

0(g) > 1199 e # g € GO onWNRI p 1ToNn NN GO .6.17 DN

N .G = (g)-v MY m ,o(g) = p NN PY o(g9)| |G| = p v TN
AVNRIPRY PIADNRD TAR 95 0T DY NN G-v o3 e £ g € G Y39 Ny
DTN

G-1 o7p DX PN ONX M 1ToN G 0 o LoD nNan G onn .4.18 904N
.2 9790 1N

9T0 NN PONN TN DY ATON JTINTID VAYN 29D IN L2 ITON TN D”P DN INNO
2N NN2ANN AT 1O NNANN

INNYD OO NI - NPTIN NNON 2 TON IDNROY 2D W) Ot TN G ON
V9 NINYD NNV TDN GX PRY MDD 2 79701 (-2 TDNX G PRY 12DV 1)
MM DN DD AWUND ,NNND NNAND PN DD NN ATOD Y IR DTN IDNRD
DN DY NN ON 90N D2AP) DTN AN OY TN (NN NNYN) 1D DMNN TND
NnNY nnoa ,G-a

2 3TDY TMIZIN TV NN IR NODY WY HN ITDY DIN3NT .4.19 HPOY
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PN HNAM NN Y 0 4.3

Transposition PN NIPY Sp-2 2 TINRD NN .4.20 D910
DAN2N NYAOND DWW Y (ag, ds, ..., Gr) NN DI .4.21 WYV
(a1,as,...,a,) = (a1, az2) - (az,a3) ... (a,-1, ar)

25, NMana w 2 <7 < n TIRND DIMNN NIND .(O0TD) 4.22 N

9N Pwan () v n IO D900  ©IMI IPNOYIMP NONY | NNO
JIPYIVAN YT ANV 1IA0 DIN NNV 0D7T rl-1 ©I900N 7 IR ITOD W nyd
NG DN DIMNN 7 W 0D

(a17"'7a7“):(a27"'7ar7a1):"': (ar‘aa’b"war‘fl)

WS- T TIND ONNNN I9DNY DAPY -2 991ON 190NN NN PYNY )00
() =)

Sign DAY TN DY OON RN L TINRD NN 0 O .4.23 DTN
sign (o) = (—1)*

T,0 €5, 999V T2 PIPNON NN NN ,S5,-2 NN DD SV 10N NN AWND 1T
o»p
sign (o7) = sign (o) sign (7)

OV YD DTIND MINK MNPY DXIT ¥ 1200 AT MY NNDIN NIV 25 MY
LD9DNN 190N NN 28D Swnd NN

Even W DNDN OVA —1 N3N0V NINND IR HWDON OVA 1 MOV NNINNY XIP)
permutation TN

Odd permutation
292520 NNP N DAN NN DY YD AVND NYTO WD Mt .4.24 T

2o N0 (35) (49) nann et OrR Amn X0 (35) ponn L1
.(34158) HonH 1A NN XD ONTON TINRD MNNND .2

JONT AN NN MND NINn L3

Alternating NNAN NNANN™NN NN A, (NPT MTINNN NNAN IR) POYDND N3N .4.25 NN
group Sy, OV
A, ={o € S, |sign(c) =1}

JA,| = 2w A4, 5w 170N .4.26 YD

JON Az 1m0 Az = ((123)) 025 vy LAz = {id, (123),(132)} .4.27 hnnt
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Group

homomorphism

Monomorphism

Epimorphism
Epimorphic
image
Isomorphism
Isomorphic
groups

Automorphism

MWINRN DN S

oMmvaMIMIN 5.1

DOOWOYYY NP f: G — H npnyn .man (H,e) (G, %) nynn .5.1 910
DYPNN ONX MMN3N Y

Ve,y € G, flzxy)=f(z)e fy)
:DNVANIMIN DY DNV DNDD NP DN PI)

H-2 135w G0 99N AW IN DHOWOHMD RIPI Y'NN NINY DDaNMIMN .1
J: G — H y>»v o”p N

TVONOION. TMDN NN H D 9INI DDOWDOR NIPY DY NINY OV9NMIMIN .2
J: G — H ovoamran o»p o G YV

TVONDONIR -1 G0 N DUOSWONR NIPY DY) y'NN XINY 009NN .3
G = H o . f: G— H ovommvdN 0P DN

.G OV BOYOWOYWOW NI f1 G — G ODINMMIDN .4

DOONMIVN ,DPONPAN ,DPONMND ,DP9NNDIMNN TY MNWN NN I8P NPda .5
JNNN IO AN ON N mIND DYaNMIVIN

NPNYN NRYP ON PN OXR OVSMMION NN f: G — H Dvammmin 5.2 Iy
gof=idgon fog=idyg-vI09: H > G

YTD MDD LNNYA OVONIIN N NN g NPNYNINY  (1NDI) MOIND IWON
.g = f71 noan Apnyn N8N 2900 DPMMPN XN f OPaNMIMINY NOND
NTY) TPVNMIT0T NPIVDD [, NPDOPODT NNON N NPINMPNRY NINID 0) IWON
ANNAP DYDY M TON NMTY NN MNANND NPONN 2D MPPY DN XD

,DNVONMOIMNN I ONN AP .MNIAN P MPNYN INd SY Nvwa Mn 5.3 9990
N0 NN 3D ON)

NWIN OR NNP PN N OV NN x> e 29) NATHmN ¢ R — R* 1
200207709 D9ONN

M ovaMaN N det: GL,(F) — F* & .nTv F o .2
det(AB) = det(A) det(B)
D09y DY NNVOON NNIVN DY SONDND IWAN DY NPNYNNY NOIND 1)

JoovNa (7,1, ..., 1)
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Kernel

Image

VAP DX IDAN DD OVANMIMN NYR = — 2 290 MmN ¢: R — R* .3
p(0) =1

2)7N2 ONXRIN LOVAMMION NN 1 +— —1,0 = 1299 Ny Tamn ¢: Zo — Qs .4
JVONMION NYYND 0 2 ITON MMANN YOV A

NN TIND MNON NND NI OV NIMN XN f: G — H npnynv N1y
Jleg) =€y 1

g™ =flo)™" 2

2099 MIPN 0N ONMPN DYYoN .n € Z 939 f(g") = f(g)" .3

oM NMaN N NN Jker f = {g € G| f(g) =en} M0 ,f DV YWY 4
(“P5171 DMan-Nn” At nn 2oy Tunna) G OV

H 50 nan-nn won im f = {f(g) | g € G} 195 ,f Sv tvmond .5
|G| =|H| ™ ,G= H o~ .6

DX TOIDY NN ,NIPN XD, MO DNIDINMIMIN DY IOND MNONN .(XDTD) 5.4 AT
ANYY Npnyn JF DY Syn 0»mom oanm V. I pip ANy nHaxoNa
NIoN2 OND ,dim V' = dim W ey mman Sy ovaymmn oy xonT:V — W

2009MMN T’

L0202 SV NNNN T DY TR 19N NYAPI TPIRYD APNYNIY VT .(00TD) 5.5 WD
S(S) oy mxn f: G — H ovanmmin namn i ,G = (S) ox ,imT 191xa
PTIN (TR XY OV I1D2ANR) DXINY NP OV NNNN OV NY AP DO NOW 25 v
ovaNIMIN NVTIN NPR ©([1]) = 1295 PV 1IMN p: Z,, — Z Hond .ovammin
TAN TN 20N NITID NN

o(n) = (U] +--+ 1) = () + -+ (1) =n

;DX P DOPPNNY DO DOV P1Ta0 v 095 19Na p([n]) = 0 v T8
LOVONMMN ITIVY 1T ,0I8PN MNNN DY D) ONPPNN

DPPNN PND VTN g € G 935 5 N .oV f: G — H o 5.6 2N

o(f(g))lo(g)

92PN MNNWNN DY [ IR DY) .¢g" = eg NN 29D .= 0(g) YADI DN

f(9)" = f(g") = flea) = en

O 0(f(g))|n P03 3.3 Myv a5 19N
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NPONMIPN YN 4 ITON MMNIAN PNV DD ONRN 5.7 9990

4 9700 YR W H-2am0 235 ovwy L H =74 DY G = Zy X Zs AN IND ZNINO
0,1 € H wmo 4 9701 YK YV 9700 IR L, G — H Dvammvn in DN
ND 9270 199 ,2 W 1 970N 0NN 95 G NMANa MpNn YY ATON DN PONN
JPOMMIVN XD MMANND 199 o5
MNXYIN NPSNMIPR MNIANA 199 ,DIDRN ITO DY IV DVINMDN Q0N
JNY 3N, MM2aNa OIRND ITO DY

im f N, 0AN G ORY IO ovammIn f: G — H o (02Y) 5.8 YWYV
JYaAN H o 99 OX 1van G N ,G = H orv 0N .0vaN

JON im f N YN G ORY DN o0 f: G — H o 5.9 9N

x € 1im f o v wv won (f(a)) Cim f 2 M2 .G = (a) M1 DN
TPOMPAN NN NN im f 2) f(g) = 2-v T2 g € G TR W 320 INYID TN
99 .g = ak-v 0 k € Z 0»p mops G-v »an (G v

O f(a) 5w npn N NN AN 9D MO,z € (f(a)) 2D NHM

JP9NMITN YN DN0N ATON NPOPPNN MNANN DOV PPONY 1N ONPN 22X INNN
DY NYTO PANY Y TNN DD NN DY ATON IR TN NNAN "2INn9”2 NNYD ON
:DDONMIIVN YT TY

Z=9 W Zp =7 W TIONODRIR TP N3N 7D .5.10 voun

(A9N DMan IR W D) Uy = Oy E Zy-y nZ =7 .5.11 0t
21 S5 — Zg DVONMMIVN O”P ONN .5.12 99N

JVOPIN Zig 1N (FPOANR KD IDONR ND) NPOPN KDY S35 | ND )W
f: (QF,) = (Q,+) DvraMMPN DPP DN .5.13 99N

935 f(a?) = f(a) + f(a) V192 ,DPINMMIPNR NI [ 5 NSOV M) KD NN
MPN W IR DY NN f-v a0 =5+ 50020 0V ¢ = f(3) woy .a € QF
J(x) = §mmx yon §-5

NN NN NIOX 10D

f(@®) = f(z) + f(z) = c = f(3)
A3 ¢ Q0 nPNo N N .22 = 3 NOP Y'NN XN f-v 9m)

tH = (5) < R* 2O f: H — Zs X Z3 DPOINMON D”P DN .5.14 9990
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N im f 03 N DOPN NN H-v an MmO f 07pY 1DOva o)) R NN
NMIANN 2D NPNO N IR dm f = Zg X Z3 *D 92p) 199 0y N0 f DAN ooy
OIS NPN Zig X Zig

1f: GLy(Q) — QF ovammmm 0»p ONA .5.15 990

NI L[ GLy(Q) — im f 018082 112N .M f DPPY NYOWA 1) KXY N
ADODONMION NN fINLY'NN - )90 DPONMAN INT 1D WXTNY) DHINMIDN
DPN0 RY ,9aN GLo(Q) Dy M5 .HaN im f 199 im f < QF v 1o

A3 TDION PIIN WO .HPOY
2009MVIN NN i(g) = ¢! 295 PN i G — G NPNYNN NN .5.16 99N

NP N PITAY AIRYY DY) YNN NN DNNYD DNANK NN APNYNNY NI WO
5 25 OV g, h € G Vi (OVONIMIN NN YD) NDIWYON DY NIV ¢ DN

i(gh) = (gh)~' = h g = i(h)i(g) = i(hg)

JPoaN G ON P DR OVAMMIVIN NN ¢ MDD .gh = hg DX P DX D»PN° NN
Anversion 202 »T> N2 NPNYNN SV OV 2R NIYND

WY YN 6
WP vavn 6.1
Cayley’s theorem G = Sg W DY R .ON3N G DN L0097 VavN) 6.1 VOYY

nos oy T XX -2 M>»onn nespNon N¥Iap NN Sy 22 950 L(ARIN3) DROW
oV VNN PNPNS OORM g € G930 X 9Y DNOVLIDD IMNM3IN XIPN ,NADINN
D(g) = 1,099 &: G — Sg 8PN 1 Uy(a) = ga Snnwn 995090 [, € Sg

0»pPMM g, h € G Y25V DO DS .OVNIMN P-v NN NONN

lyoly =g
@ TN OY MO 0 a € G Y25 DX PN OX NIV NPXPNN
(g o 1n) (a) = I, (In(a)) = Ly(ha) = gha = I,y (a)
DPPIN N g = [, M) YN0 KINY MNIND 27D .009mmin @ 1o,
g=g-ec=ls(eq) =llec) =h-ec=h

] Sa-2 nown G5 g = h oo
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Greatest common

divisor

Coprime

MYV NNIANN DN IR N0 .G — Sg Pov Man G = S3 N2 .6.2 It
{1=id,2=(123),3=(132),4=(12),5=(23),6=(13)}

NN - NNANN DN 9D NN NIV g-2 IRNPYN Y90 XD IR g € G TN 92D
;g = (12 3) 5v Nmnn NN 2WN)Y YN .Sg-1 g DY NHNNN NN N

dy(1) =239 ,1— 2955 ,(123)-id=(123)

1g(2) =319 23995 ,(123)(123)=(132)

L;(3) =139 3—1m55,(123)(132)=id

dg(4) =619 4 — 6 m>> ,(132)(12)=(13)

dg(5) =435 5= 45> (132)(23)=(12)

1g(6) =51399 ,6 = 5 m9> (132)(13)=(23)

> MININD 1VIMN ONN - IINAY NADNN 295 g — (123)(465) Yon 7o
NAIX N POYP VYN MANAY 29 WY 2(14)(25)(36) o0 (12) nmn
155 < S5 DV WY YTV

Sy Y ON3INTANT? MONONIK 72 IDY G IO N3N 7D .6.3 WHPOY

9V DN3NTHNT? MIONWONIR 72 ATIDY G OO N3N D DI L L6.4 HPOY
GL,(F)

GL,(F) 5% nMan-nno manmivr S,-¥ IR :NNMND 0
GL,_1(F)-2 S, "X 2v910) 0Mp .G — GL,_1(F) ovammmm XY NN

oW |G = Zg WX, 10AN G ORYOINOIN .6 9TON Nan G onn (M) 6.5 990
G 2S5 N oA Ny G

09901 NMINY NN 6.2

OOV (N"DN) I3IDD ANV PINODN 1, m OOV DXI9DN IV JNINA .6.6 NITHIN
901N NN AT

ged(n,m) = max{d € N : dln Ad|m}

(n,m) =1 OR DN n,m * MN) .(6,10) = 2 Svnd .(n,m) P71 YU WYY
.0 0N 5-) 2 Swnd

b=y a SV ua + vh IRYY NN YD PHNN d NN L,d|b ON d|a DN 6.7 YD

(n,m) = (m,r) ' ,n =qgm+r DX .6.8 WYV

D9 NN .d|m BN d|n 2 ©YTY DN .d = (m, 1) 229" ,d = (n,m) IO .DNW
A < (m,r) Mop oM Jdlr =n — gm 99 n,m OV OIRYY MPND T NIN PNID

SV INYY NPY NI 1D (myr)|n P9, (m,r)|m o3 (m,r)|r DTN 295 nyd

D WP YoN T (m, 1) < d R (m,r)n o (m,7)|m D WP DN am, T
O d=(m,r)
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Euclidean

algorithm

Extended
Euclidean

algorithm

THYOI NN YIDW INY3 Y'Y IRED? "YWDORDN! (OTOPIN DNPINONR) 6.9 VOV
(n,m) =n R m=00R .0 <m < n MY PN DTIPIR DIMDBIR R 6.8
W3 (n,m) = (m,r) Y YN 0 < 7 < m WRD n = gm + 7 3D NINK

(AYYR? 3MN BIMNMIND D2

OTOPIN OIPIMON NNYA 47-1 53 OV n”nnn DR 2vN) .6.10 NHNY

(53,47) = [53 = 1 - 47 + 6]
(47,6) = [AT =7-6+ 5]
(6,5)=1[6=1-5+1]

(5,1)=[5=5-1+0]

(1,0) =1

09T DNV 079010 MY NAO0 MMNT )3T ¥ ON)

(224,63) = [224 = 3 - 63 + 35]
(63,35) = [63 = 1- 35 + 28]
(35,28) = [35 = 1-28 + 7]

[

(28,7) = [28 =4 -7+ 0]
(7,0) =

DXAPYY ©I9DN MNAY DIAPH’ DIPINVONIL NP2 170 ©2ADYN 190N 2N NIYND
AN DN NN IWRD log, n NN DIPIORD DY MN8N NITOA

a, b # 0 B BMODD 707 DIPNY . (PIYII SINYD NN 1”NNN IPON) 6.11 VOV
»
(a,b) = min {ua + vb € N|u,v € Z}

3 YR WD) (a, b) = sa + th-w 3D s, ¢ € Z DYMY 0193
.alc " WA albe on (a,b) = 1-v 75 OOV DI90N a, b, ¢ VI .6.12 DN

c-1 2°92) .1 = sa + th-v T2 s,t DMIOP PINYY PNPND N'NNN PON 290 WINO
9D Lal (sac + the) 135 .altbe ©Y 2NN 29D alsac *d M2 ¢ = sac+ the DapN
.alc

ple W plb R plbe BN MYRY p BR .6.13 MHPOY
ple oMPN 9300 299 ,(p,b) = 1 199 pt b ,NINK ID»D IR ,p|b DX NN

MWD PINYD NPXD NNNN NN DYIANYI S, ¢ DNDTPNN NN NINNDD >TD .6.14 NNNT
SHMVD DIYPIR DIMNIRI YNNI
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(234,61) = [234=3-61+51 = 51 = 234 — 3 - 61]
(61,51) = [1=151410 =10 =61 —1-51 =61 —1-(234—3-61) = —1-234+4-61]
(51,10) = [s1=510+1 = 1 =51 —5-10 =51 — 5+ (—1-234 + 4 - 61) = 6 - 234 — 23 - 61]
(10,1) = 1

(234,61) =1=06-234—23-61 o9

20”01 5W MNON .6.15 THYV
eld 7N eln on elm-v 75 e 0 d = (n,m) 0 .1
(an,am) = |a| (n,m) .2

DWW

MNP X O) PO NIN N Leln, m-Y WO .d = sn +tm-v T2 s, t o»p .1
.d DR N sn + tm DNOY IRYD

n (.20 Y30 Pon) .2

Least common (0"D3) IMMODD ROV NN 1, m DOV OI9DN Y JMNA .6.16 N1
multiple nrno NITIN DNOY

lem(n,m) = min{d € N : n|d A m|d}
.[2,5] = 10-1 [6,10] = 30 Swnb .[n,m| P71 0O DY
1”05 SV MNDON .6.17 THYV
[n,m]|a W ,n|a oM m|a OX .1
[6,4](6,4) =12-2=24 =64 5vn> [n,m|(n,m) = |nm| .2
LB

n,mla 3 P .0 < 7 < [n,m] WRD a = g[n,m]+r-v 12 ¢,r v .1
SV NPOIYNY NPNO N #£ 0 OX ., mr 0D Yyan n,m| [n,m] N7 290
n,m]|a 995 ,a = q[n,m] 35 [n,m]

No95NS 790N DY PMaN NNYa N’NOM N"HNn 2N NOp TIT IR .2
NI PIPON 0D N2 LDYNVYNI O

k k
|n| :szl :p?1p§2p£k ’m| :Hp?l :p?lpgwpzék
i=1 =1
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D»NVYNI DMNI YNNIV > T 0 ©1NN) oy, 5; > 0-) O OPNIUNR p; TURD
D YIONWND PIAN NYD (AT IMND

k k

| I min(a;,B;) l | max (a;,5)

W, + [ = min(a, f) + max(a, f) 07PN @, 5 9901 YW 935V »am
O n,m] (n,m) = |nm)|

Sv NN d 0N .DM9DN AN INYD NN PTIND VIR L(ODTY) 6.18 NYNRY
$1N1 + DMOYPNN S1, ..., S, DNYY DMI9DN DNIPPY ININ N, ..., N, DI0NN
KOy mspTYN an -+ spn = d

N YV 910 2N 6.3

d <n 95 o n € N 39700 YR a € G >0 ,nMan G onn .6.19 990
V30

N O(G)
°() = @) = @ota)

") A5 DOWI MNOMN NN NDINN DN

(ad) @n) — (a")(d‘,im =e

( € Z > NN Ipvyy mnyan)

(d,n)
399 .n|dt 3.3 Mayv 295 .a® = e Mo ,(ad)t = e NI NYPIYNN NN N*DN NYd
n d =1 W T .(2NTN - DOV DI9DN DY) —— n ‘ dt =)
n
[l JPNY D ,—‘t bnm 6.12 99N rab

(d,n)
(a) N (b) = e o ab = ba-v 75 a,b € G vy .nMan G NN .6.20 WYV
NN b T DY DINNN DANIANDTNM @ T DY NIXNN ANIANNTNN P2 TINN ID)

INL(FPONPI0
0 (ab) = [o(a), o(b)]
:[n,m] PN POPNM o(ab)-v MR .m = o(b)-) n = o(a) YOI DNOW
(ab)["’m] = glmlplnml = ¢ . ¢

o(ab)|[n, m] 352>p 3.3 NV *3Y .[n, m] NN OPONN n, m-1 ab = ba *>
199 .af = b7 L (ab)t = e DX YOI NN YT IV TN

a, bt e{a)yn(b) =e
O .0 (ab) = [o(a),o(b)] M5 .[n,m]|t 991 ,n|t oM n|t M
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v G-9 IR .min o n ATon Yy G = (a) NN ()t v DR) 6.21 TWYV
M ATON NP YOPN NNIANTNN

K onn .ovp v wom ,m Ton nmannn v H = (o) poy amw
K = H oy mmpmen nnonb LK = (5) P ,m 2700 NaoN OO nMan nn
,6.19 99N 099 DY B = aP-vw 1o b < n ovp G SV I8P a-v INNN
_ n
o(8) = wh

D0»P NN INON 290 .(n,b) = X 125 m = oy 2 M o(f) = m Yan

29 .(n,b) =sn+th-v 1> s5,t €7
an/m — a(n,b) _ aanrtb _ (an)s(ab)t —1. ﬁt cK

29 |H| = |K| nmnnva Sy 9an H C K o9 o™ € K-v 2920 99>
[ V1o H=K

30-9 W NMINY MNAN~NN NND .6.22 9N

NI MMANA"NN 901 ,7YPP8 12N 21TO INND ,NNTIPN MYON 295 NN
1 ov7on |{1,2,3,5,6,10,15,30} = 8 :91m195 ,30 1901010 Sv pSNNN 1901
JDYONNI0N MMIANN~NND ORNN 30-)

9 (Iem) Y"POD KD F,-3 DR DINRNY TN79DY NID .(6.20 MIYL YY) 6.23 HPOY
JTDIINRNDD DWR

A nn (1234) (56) Yw 27om 6 N (193) (56) v 770N .6.24 NPT

.S15-2 45 9701 NMANTNN INND .6.25 9N

IR AN LS15-2 45 9TON NN R¥D) NN
o=(1,2,3,4,5,6,7,8,9) (10,11,12,13, 14)

0(0) =1[9,5] =455 15 own
NMANN"NNY PPOI ,AXY T IDRY NNANDNN ITOD MY TDRD ITOY PNMPON Ny
TN Oy Ny (o)

72515-2 39 7T0N 1N D”P OND .6.26 NYNY

D DINNN NDAOND SAPNND 21> KO 39 ITON TDRY PYON NIRD .KRID )\WWNO
.515-3

AINRM 13 TINRD TARD DI ©INNN NY9OND 39 IT0N NX D2APD N2 DINN
S15-2 waN onba it )09 13+ 3 =16 Yan, 3 7NN

254 DN DPIVAND DITON ON NN (YT W DN) 6.27 929N

:0N OPIVAND OITON S4-2 INND
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Chinese
remainder

theorem

DTN AR P - 1970 1
(12) (34) Svno ot 9PN MY SV NP9 X (i, ) NN - 2 1TO .2
.(243) SwnY ,3 7NN M - 3 970 .3
.(2431) 5wnY 4 7xn oMNn - 4 970 4
JS4-2 DPIYVARND DTON 92 NN NN NVIVA NN PPNID PNOKN MDD HN
755 PIDND OPIVAND DTON ON NN (It ¥ ON) 6.28 939N
;0N OPIVOND DITON S5-2 NS
DTN AR P - 1970 1
DN AN NV HY 1Y X (7, ]) DNIN - 2 AT .2
3 TND omnn - 3 970 .3
A TR0 o Mmnn - 4 770 4
D TN 0PN - 5 1T L5
.(231) (54) Svn ,3 TN IMND PN SV 199N - 6 ITD .6

M > 5 NAY NN NTHY ATON DIADR W S,-aY 20 v N

WY YN 7

0N NYINVA Vavn 7.1

T OOy a,b € Z 9% MR DN n,m BR (20N NPIRYN VIYN OTY) 7.1 VOVY
) 2 =0 (mod m) @ =a (mod n)-v IO nm ANTID MPPY YT Ty DM

13 .sn 4 tm = 1-v 2 5,1 € Z 00»p wR ,(n,m) = 1-¥ 290 AR K7 DN
O”pPNN .bsn + atm-2 INAN) VOVYNI WD x DV OVP NOIND

bsn+atm=atm=a-1=a (mod n)
bsn+atm=bsn=0b-1=b (mod m)

NNk € Z 930 2 = x4+ kmn D) 2D M2 2IVAR NN XN & = bsn + atm 19N

PN PINS
] a0 9902 7NN 1 YT £ OV TN DNOIN
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Multiplicative
group of integers

modulo n

DT =2 (mod 5) onxz =1 (mod 3)-v 75 z € Z Ry .(09T9) 7.2 DNt
Ss=—Lt=2)n=5m=3mnpna .—1-5+2-3=119,05,3)=1
OPPI PR .2 = 1-(=5)4+2-6 =7 NX 7INIY TWIX 2D NPINYD LIVYN 199
7 =2 (mod 5) on 7=1 (mod 3)

MNNYN) MOAN NIIYNID 1DV NI N 299D INY NIN 2PDN NPIRYD VYN
00T M>pY SV

22 A7) VN3 DIND DOYIO DIODY MNP {1y, ..., My} KON .(DTD) 7.3 vOWY
IMIRY 7V MWD DHIP JTOD3 772-3 DAOOY AR 1V (N RID DHIP3 BMODY N
TOIWV? WINO DN 172 ANz DN WY oy {a; (modm;) |1 <i < k}
MIRNWWDD

r=a; (mod my)

r=a, (mod myg)

y=3ony=2 (mod 5) ,y=1 (mod 3)-v-v 75 y € Z R8N .(057TH) 7.4 N7
S¥ NADIN ¥TD TY NI NIN NRTIPN NOINTH 0 y = 7 PINanw 29 vy .(mod 7)
MXNWHN MY IR 3199 (15 = 0 (mod 5) om 15 = 0 (mod 3) »2) 3-5 = 15
Y =7 (mod 15) nnX MxNwNa PONNY M y = 2 (mod 5) ,y = 1 (mod 3)
MY MDA PPON NPINYN LIVYNL YANYND AR 1991 (15,7) = 1 >0 25 ow)

JON9 NN Yy = 52 23 I1PTA MINNIYN

A9NR nMan 7.2

,2ANNN NN D8N0 0T > 1 MY 0NN RO XN (Zy,, +) 29950 DRI 7.5 Hnnt
MNRIPI N .0 TN Y950 Nws 220 U, = U(Z,,) Do AR IMNM3R DR DT
.(Leonhard Euler) 221X 795 Sv mvw Sy

:([0] NY92512 Yy TNV [0]-n BYYNNA) Zg SV Y950 M5 NN M)

1121345
1111231415
212141024
313(013]0/3
4141210142
5514321

P PITA0 P290N 195 AN NOWN) 1 OMAY YOV IONR DN D¥I9NN OINN
Ny Hv 09NN NN [5] Mt npna Us = {[1], [5]} 995 .(mmv P x mTny

27T GMYNN PONNN DX PN OX [m] € U, IR .m € Z 1 (NIRY¥INA) 7.6 THYV
NN OIDVNRD 95 0N (Zy,, -) PRINI 9NN , 90 .1 NN m-1 n YV Inra
n-9
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DM9vNN VN ) Uyg = {1,3,7,9} myon 295 (U, -) 02N 1NN 7.7 DNt
:0(7) =45 PN .0 oo 10-5 0N

7 =49=9 (mod 10)
?=7-7"=7-9=63=3 (mod 10)
"=7-7"=7-3=21=1 (mod 10)

Up = Ziy ™ pNUNI 1900 XN p ON 7.8 WD
N0 W 10-5 9 70 5 NINKR DY L, Z1g-2 0992 209N 5-D DY KD 7.9 NNt
6lzr =1 (mod 234)-v 75 0 < x € Z NN .7.10 9990

MO .61z + 234k = 1-v 75 k € Z Nxnd N7 .(234,61) = 1 5 1R )00
oNTPNRN 0N k,x MMOD .234-) 61 SW (Mt NIPNI 2O12N0) IR NN NN 1
1 =6-234—23-61 mTipN NONTN 295 YN0 MIRDD NN NNNN PPN VIVIN
2 =211 9n23 *25¥ N z 20 PPN *TH & = —23 (mod 234) )oY

MNINKRD IRNWNY 61 D07 m v [234] € U 1200 03 Mt 2wnn

1=6-234=6-51 (mod 61)

.[6] 2 Ugy nana [234] = [51] Hv »H9nnw jNom

A9NNR NNEPNS W 7.3

IN2N VNN VOVYNN DX PPOY Uy, NMHaNN M2y HINDD vavnn

Euler’s theorem  .0(n) = |Uyp| 9% MW @ N = N AR 3mypno (19X 0avn) 7.11 vovu
Euler’s totient af =1 (mod n) ©pny a € U, 9 W3y

function
©(10) = nx Uyg = {1,3,7,9}-w anxn .3 € Uy 129 ,(3,10) = 1 .7.12 "t
3700 = 3% = 81 = 1 (mod 10) :07pmm 1N |Uy| = 4
1333333 59 NNANNRN NT90N NN INYD .7.13 9990

215 vy N (mod 10) o0 N 2901 S¥ ININKRD NI9DN ,7PNIVYN MW NN
199 .333 = 3 (mod 10) »»

3333 _ g4-83+1 _ (34)83 :3=81%.3=1%.3 (mod 10)
333%% =333 =3 (mod 10)

.3 NN NININND NI9DNY NI

DIDN NN INYY 6.19 9N NRYD .0 ITON NOPN NNaN G NN 7,14 9N
.G nx oNy G-a
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Fermat'’s little

theorem

AN .G = (a) 2 ) NN

G=(d") < o(d")=n <= =n < (k,n)=1

n
(k,n)
p(n) = |Uy,| 00 G nR 080 028N 190N )00

AIUKY P N3P AR VOWD 29 M0N0 DIPD TR (NN W JOPN VOVNN) 7.15 VOUD
aP~t =1 (mod p) V93 0(g)| (p— 1)-w DY a € U, 959 V7 .|U,| =p—1

5S¢ MNINKN MIDN >NV DR 12WN .p(100) = 40 > 139 19N NP .7.16 239N
90921 790N

2wnY 951 8,909 = 9 (mod 100)-w 910 .M»pY N 19N mod n-Y I3t NS
‘9121

99100) = 940 — 1 (mod 100) 19N VAWM 29 Sy NN (9, 100) = 1-v P>
912 = (910)3.9=13.9=9 (mod 100)-v NN

1NNV AN DN NNYY 2100-n YIN DN TY DI9DNY p(n) IR DAVNN TR
DI VONN TIYZ NN OIVPN DXIFDNN IIDN NN AYND D1 PYIAV IIDN NP
Rp)

MPIN NYAINY PI9D JN2) OOV T30 DD ,NPPONTIND DV YTIDN VAVYNN 29 DY
M%) L(PPD ITD 2T TY) DPNYRI D900 DY

k1 ko k
n=ppy...po

,129902 1NYDD MWYRI 190N DY NPIN DY IDIN NPT T2 1NN NYd
:AVND 5P DMINRY

R 1
p (") =" = =P p-1) = (1—];)

J(a,b) = 1 DR PAY ,NINXINA NNDIN KHY MYV X PPDN NPINYD VIYNI IO
92p) 0OV 190N MY 3190 .p(ab) = ¢(a)p(b) ™

e (n) = (Pi'p5 . ..pir) = (p1") ¢ (052) ... o (pir)

1 1 1
ot () () (1)
D1 D2 Pk
1 1 1
:n-(l——) (1——)...(1——)
P1 D2 Pk

em=n (1=5) (=5) - (3)
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RSA

cryptosystem

1991 60 = 2% -3 -5 93 00 ,|Uge| NN 2WN5 275 .7.17 At

@(60):60~(1—%) (1—%) (1—%):16

89214671999 4+ 2019 Sw MNINNRN MDD PNV NN 12WN .(XOTY) 7.18 9990
92pn mod 100 Hy93 .(100) = 100 - (1 — ) (1 — £) =40 2wnd Yp Mo

892146799 4 2019 = 679 4 19 = 67701 419 = (67°)™ . 67! + 19
= (677099)*" 6771 419 = (1) 67 + 19 = 67" + 19

-2 882 95 100-2 1 67) Upgg NN 67 DV 20900 NN NINND 9M) Nyd
DNNYND PINS NNOND TNND DTOPIN DY OMIMONI WInv) 70 TN (Uigo
67 =1 (mod 100)

00k + 672 = 1-v 70 k € Z 0»p OX PN OXR NRNYND NIN W

67 5v INYY NPXD ged (100, 67) NN PXI ANNN DTOPIN DIINON NRY3
:100-

(100,67) = [100 =1 - 67 + 33|
(67,33) = [67=2-33+ 1]
(33,1) =1
MO, =319 ,1 =67—2-33=—-2-100+4 367 :52p) NNNXO NANOIM

3 NN 67 5V 0MN
22 30 MNINNA MI90N >NV M9 671 +19 =3 + 19 = 22 195

MNY YNN8

RSA m98n noyyn 8.1

39819 NVY NYPPNN L RSA N3980 NOIYN NIN MMNMAND NN WVIIYD NN
DIPIVON DY NNIND DNNT AN 2NN NNOND JPYI HY NDDNN NPIVON
ST NINPOIN (DTN TINKD PNV Ty ,0029 N1 OV DY) RSA

JANIN J9IND NYTIN DIONRD MOVYD YN 113 :H0NN

TIND DY192) INIPR J9IND p, ¢ DPNYNRI DIDN 1Y NINIA DIUN :MNNINH NN
pn) =(p—1)(¢g—1) My n = pg ©IBONRN NN NIAVYNN NN .(DNTH
SY192) MBXNY TIAYNN RIPIVY p(n)-2 NN e > 1 790N NIM1 NN qona
50 d ’995 M0 NN NN (NN JOP T 90N N 65537 = 216 + 1
7900 NN NN MDD A0V ONION NN IR MY Uy NMana e
T ANTNN OTOPIR DIPION T DY Hwnd de = 1 (mod p(n)) 0»pnn

DDY MND TNY PRY 2OV
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NNANN NN ,)O¥IN NIOND NI TN PN 19N NN DON 9992380 NNNH NN¥ON
NSYY I NIMY NN d XTIDN NNONN NN (0D IR) 212D (n, e) M NN
D0V IMND TN PRY 2OV Nt D)

NN .0 < m < n OPPRN M I901N NN OORD M NyTIin NOY 213 19NN
YMD 90N W PRI 19INA ¢ = m (mod n) NMANINN NYTINN NN NOW
DDV 91 112V N My NHin DY

¢ = mf = m >non Nnann NNY2 m NYTINN NN NAYN OON :HNY

.(mod n)

m

p = 61 NN S¥UND DN DON TIND DIVP DIA0N OY INNT 1N 8.1 NHPNT
VNN NN . = 537

n = pq = 3233 en)=(p—-1)(¢g—1)=23120
NN N9W STIDN NNanN .p(n) = 3120-5 It 1RV e = 17 M9¥N PIyn NN XN
d=e ' =2753 (mod 3120)

NN NNANN NN DDIAN NN DIVINONI DNMYNIN DADVN Y NN DPOY » T
(n,e) nHv
DYTINN NIN 2V XN JOOND m = 65 NyTINN NN NDYY N 212 N
MONIN
c=m'"=2790 (mod 3233)

2N ST DY NMIN NIVON DION NYD .DOND ¢ NN NOWYN
m = 27903 = 65 (mod 3233)

M2y MYWA MYYNY 01D NPINTIN MPN DY 0»»aN »25va 02NN
NOWY) W NANYA NPTN 2N T DY IR IO NPIRYD VYN MNYIN TIND
N DDAV 29 ©wy mlT 2wnd Sund  (NPNa ANy ANDYN D) NIRIPIN

22N PONDI NYPINTIN MO9ON 17 — 1 = 16 ©Opna 195,17 = 10001,
m'=m-1=65 (mod 3233)
m? = (m)® =992 (mod 3233)
m* = (m?)* = 1232 (mod 3233)
m® = (m4)2 = 1547 (mod 3233)

(m*)* =789 (mod 3233)

T =m (m®)* = 2790 (mod 3233)
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MPYTN NP0 DaPNn N (NNHINNY NNYNT NNY) m-2 VOO TUNIY 20 DY)
VIDW IPYY NP NPDON 900D DAPN Nt W22 100 VR DN ,100015-2
NOVIVAN NINANA 22O NPI

2
(ngJ) NNk
2
m (ngJ) DN ON K
ANOYN SY Mowe |log, k|-1 ponond Yo pnwds k May mF awny awno 1o

NYINTIN MY90N £ — 1 opna ,nranTm moaon |log, k-2 anvn Y59 »iaa
Ot DYV NAtYa 279027°3 S 21wNY WATN A3 PRI DDA

mk:

NVPHIMNVYIP NVIPNND YNNVYND INTI RO WNNY NYTO W L (INIMN) 8.2 WD
’2)0 DINN2 ONDM T DY NPTPITH NN KOO .O2IWN DXIINY 710 DNVINY
PNOY DOVNDN 22)D DX IYARY M2 MOPNN P [, Tipn MNON MMV NnI
,(THN2 DTN NAPNN ,MOVLI KD MNNN NPY ML XY DIVNIS NPNI D

LTI T TN Y NapNN

IN¥N ©ON RSA oy 1981 901 DORD MOYY XTI 23 (1D W ON) 8.3 999N
NNDID NN INYNT ¢ D) IUND p = 2¢ + 1 NMNIN MUK M5 ,p MOV INYNRI
YNDNN NN NN

n = pqg = 60031, e = 4761

NYTINN INOINSND . = m® = 19033 (mod 60031) MmN NYTINN NX NHY 212
p(n) DN NINNY HP NNNY 1PN PINS NSV 1AV M

NRY2 N DX PI9Y IWAN 2D NIV NNPN R OON DY DPNIYNIN NPNI WINO
1 MHNWNI NN TN INNWNND PIND

n=pq=(2¢+1)qg =2¢* + ¢ = 60031

1900 NN ¢ = 173 Dnm TN pay EVIHIZE00L _ 1693 pyyqnq 53y 0 v
wn)=((p-1)(¢—1) =59512 95 .p = 347-v XM pyav

DIPIMON NN YN .d NIX 2YN) N2°NN N5V aY NYyTINN DX NINND 71D
2NN OTOPIN

(p(n),e) = (59512,4761) = [59512 = 12 - 4761 + 2380)
(4761, 2380) = [4761 = 2 - 2380 + 1]
(2380,1) = 1

DN TPNRN 1WNN

1=1-4761 —2-2380
=1-4761 —2- (59512 — 12 - 4761)
= —2-59512 + 25 - 4761
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Discrete
logarithm
problem (DLP)

Diffie-Hellman

key exchange

cd Aptnn AN 2AVN) NYTNN DN N9 T .d = et = 25 (mod 59512) 199
125 .25 = 110015 »> 95t .01 NtYa

= B = e P e ) = (P = el (PP = el (0P

22P) NP2 OYNNHN OPINDNN NIANND

C
c')? = ¢ =19033% = 28035 (mod 60031)

¢® = 19033 - 28035 = 34627 (mod 60031)
2 = % = 34627% = 29966 (mod 60031)

c'? = 29966° = 17458 (mod 60031)

c** = 17458% = 4377 (mod 60031)

¢ = 19033 - 4377 = 44444 (mod 60031)

m = ¢ = 44444 o0 nyTinn 199

PA5N-29T DIININY TITAN DMINDN NYya 8.2

mwvnn .z € N-y g € G o .nman G onn (7720 onanon n»yl) 8.4 Hya
™MM2INaY 12NoN log, h-3 NINAN NN DINDN A = g7 \TINI T NN NIXND NN
YR PTY S TINGD 22 19N 0NN NOWHN NN WNND 1) ON IDONX [ NINRNN

2 DR NINND (YN NN MNAD NOY NI JOT NPIDO) TIND

TIOPNN NNIANA PO NYYND NPOW TTIN DIPIMON NPYIY 25 MY 8.5 TIYD
SY MNNN TIT  IVINMION N T IMND NPOPNN MMIAND YOv MY (g)
PYIN NN TN OIPINON NPYA YN PIND OV OVIPN DX YApn NMann
MPNN ,NIONN ,MNNSN NAYNN D ,MAT NPIIMVYIP NI YV DDA NYPN

JP9MNVOIP 2120 NVIPN NPOVINT

DNPINON N»YAD NIV NN XD NN Z,, TPNDNN NNAND DND DNNT 8.6 NN
-1 =0 1HNwI0 NN Pyan g = 1 orv 29 v Z, = (g) m . TTIN
DN TP QPN DN PYI0 190N NIN ORIV PRI -1 0D 20 MY .z (modn)
Ly, OV

DONNY NN NN,V DTN 7 INTIV NN DOV |7, DV PNIDN NNONN
Tg =-VID x NINND O DR A€ Z, yMN2 g # 1 man vnn panad
AVND Y IMRY g7 9995 D90 D9 199 L(g,n) = 1 3 N9 »T L (modn)
= hg~! (modn) NN PINSN 1P MY DTHPIN DNINON NNYI

295 TN N AToN G = (g) MOPY NNIAN NN .(1KN-9T NPIvIY) 8.7 THYV
ADPINYI MIDO PONND INPY) TIND 1T ONYNRT p NAY U, DX NNaD 52pn

NNOMY a € [2,n — 1] 7¥21 790N NINY PTID YDI9 NNON ¥ NYI YHNWN D35
29MYN MO 0PI INDY ;1) DX ,DVNNYN MY PN .¢% (modn) NN
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Carmichael

number

R 1Y PO NIM g% (modn) NYY NDIN NNANN IR 2120 NNOY DON .1
.g° (modn)

(g™)" (modn) X 2awnn 211 .2

(g")" (modn) Nx Mavnn DHYN .3

9% (modn) amwnn MDA DY MYTIN PAYNS DN DITTN DY Ny

Y9 NO IMPTIOY TV R 212) OON DY OTIDN NNaNN PONNa 8.8 WD
L7919 MIYSN NNAN NN MIAXNN NNNNY AYND 1% DD P00 NIN DNININRD
IN) 2120 N OONRD TIATA INNNND 51D GPINY N NNX NN NIPNN MNad v

O NAPNN NYIND DNIOMNN INY DINPIVIINA DIVNNWYN D92 107 L (0MIvD

p = 23> (TP MPTNI) DIVP DIGDN DY DIPIVINRN NN Y>I) .8.9 NN
Ussz = (5) 98y N3

b =15 92700 212 5% = 8§ (mod23) N 2125 NSWN 1391 ,a = 6 NYHN DON
2121,19° = 2 (mod23) awnn oKX Nyd 5% = 19 (mod23) N DONS NHW 199
815 =2 (mod23) avr

WIVN DN 9

NPYMIYNRY NPITAY 1P29-9990 OMIMIR - 9.1

DIPIONN  .0”YA0 DI9DN DY NPNIYNI NPXTAD YI19) DIPINON PN M P92
N0 MM 1980 MV LA > DY 1976 MV NMY YODPNIVT NI Y NPNN
N LTPON? NN NN TPMAIANDNN NN P27 T DY DIPINORN DY 1PMIAN0N
TPNIND NN NMONN ,NDN) MIANDNA AN ,MNTNA MNYRI 1900 YD Nintn
DNUNID 279 1901 DY D) ION NN DNINONI (MNN)

MYNNYN NN VYND ODTY DIDN DY NPIYNI NPPTAd NN Owoaa
Baillie-Pomerance-Selfridge- 0m>7m582 N ,1279-990 DNIION ¥ MNDMA
> oy vomn onmoNN OpenSSL n»1a02 Swnd  amn 20onn Wagstaff
RN MNND DX INT DIRRD NNOTND O YIPA ,MPNIND DNV

P ORY NVIN NNIO DY YOPN VIYNNIY NIN OIPINOND ©022 NMIPYIN TN
N-5 0 a 93 yayw N 219 79010 .a < p 959 a’~! = 1 (modp) W IWNA
79 1900 MY NN NPY NITIN 390 oy Xy oVl = (mod N) o»pn
™OMN 0N YN 9PPRIP 1900 NOPX P .a” = a (mod N) 0»pn a 935 N
JOND OI901D DY MM NONN PAI-IDN DIPIMONX 0Ty

OOV VNV INOR M AWRD N—1 = 2°-M »8) oNnWRI N > 255 0o
ox L(Fy 2200 nTva 22 — 1 ow9on Sv oww) +1 p7 on N o 1 Sv
(N —1)/2 ox nys .41 20 a™N=1D/2 oy syamn wwn i eV~ = 1 (mod N)
W a™ = 1(modN) 0”pm NION2 N 27 YW DNPS PYnnd 51 Hn
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https://eprint.iacr.org/2018/749
https://github.com/openssl/openssl/blob/master/crypto/bn/bn_prime.c

Strong witness

Miller-Rabin
primality test

PN 0 TR O P55 N May anwhd 0 < j < s may oM = -1 (mod N)
VAN 79 N M2y LN 5¥ NPNUNID IR IY NIN @ I900NY NI O’PNN 1IOND
N Sv opn Ty 00 N — 1 Ty D90HN 19 Y327 INPN D55V NOIND

yawpn k£ 20n1o N > 3 oya0 1901 RN 09PN (P27-990 DIPIION) 9.1 THYV
AN2NN PrT NN

MYNT N 915I) 7UNT IRDD” NAINKY P9 Mva N OX "pr19” Xin v
(79 NN 47F 79yan nowmin mHanona N

a € NIPNX 790N N :NINAN NPXTAN DY DMNYS k INDDA INN) DMTY NRMY
a=aM awvnn [2, N — 2]

201 N SV NYNVRID PN TY RN a X ,N DT —1-5 N 1-5 9pv x ox
ST DXTYN NRDIDA DY NXRAN MPSIVNRD PYNnd

INAN NP>TAN DY ONYs s — 1 IRDD N ,NINN
o= 2% 2WN)
Jp19” v990 NN PN,z = 1 (mod N) DN
.DXTYN NROY SV NN PXIVRY Nayy & = —1 (mod N) oN ,nINN

—1-9 9P XY aZM 1 0 8" PRI IR, TIDIAN NN DRY KD DN
D<) <s9nd

DINYUNRT NN PN D2Y0 NPNIVIND £ DD NN NIAYY NIPna pa

N-v Dyan 79901 2IWND NN PPN MDANDN NIV 12N (MYAI) 9.2 9990
>T3 N OV FPAINYIAN MINNN NOA W DI9INT DDIN 110D INND MDD .2-2 Ponnn
.S TN NINDD

TN ,207 ONNTIN PNAYM DN NINYA NPTNA INOYN DY DLV YNNY) ON
5y Y NPDO NN 19w war .O(klog® N) non omanora Hv yatn N1
N 5% NPNHYRIN IR PITAD NIV NTYN .INY ONOMNND DNIPINNONRI VDY O
POV YNIVTI NONN N AKS 0mmdN Sund) log N-1 3518 NinY ¥ il
LOPNYNRT DNIND OI9DN P11 NNY 7PYA RY ORI (PAI-ID0m) DY

N PAI-ID0 DIPANORD HODYNIVT DO ,NOOMNN I NIYYN NNN
NPNYRIY P01y NN [2, min(N — 1, [21n* N )] yopa ry20 1901 95 080 1725
1720 20N oPp N M2y NN VN D ANy ONMMIMOR 0w LN DY
LDXTY OV YOP 2T 1901 595 7772

s=29 .N —1=220=2%2.55 nx 2% .k =21 N = 221 no .9.3 nnnv
M = 559
D AWM .a = 174 € [2,219] DX (MPONIRN TP 299) INIPR J9INA TN
aM = a®M =174 =47 (mod N)
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https://en.wikipedia.org/wiki/Miller%E2%80%93Rabin_primality_test#Example

Normal

subgroup

7172 )00 211 oy £1 19N 47 00 25 Dw)
a®M =174"° =220 (mod N)

NN 174-w X PONUNRY NN 221-v IR NN 0P 220 = —1 (mod221) om
VN .a = 137 INN ORIPN 19010 DY NYD NON .221 5¥ NPNYRID "IpY Ty

a®™ =137 =188 (mod N)
a®M =137"°=205 (mod N)

MO 221 5V MP>I9n DY Tyn 137 199,221 D1 —1 NOP KO DIPNn NHva
221 =13 - 17 o ["p>a9” > 0nINOND

NIPN N2 ON LN — 1 = 780 = 22- 195 nx »¥) N = 781 nod) .9.4 DT
D 92P) ,a = 5 DR (NPIayN MTPN 19))

5% =1 (mod N)
’3 9apy ,a = 17 NN IN2) OX NYD 781 S¥ NPNVYNRID PN TY NN H MDD
17" = ~1 (mod N)
781 1991 ,2789 = 243 £ 41 5 19 @ = 2 NN P17 DX PN TY NN 17 D3 199

J81 =11-71 P8 21WUNI N

"PYY Jnan 10

NYINI MMaAN-nn  10.1

0PI g € G 935 ONX MOW 3N IRIPY H < G nan~nn .10.1 1510
H <G yoy mt napna . gH = Hyg

WNPY DIRID DO LH < G ONINTAIN DN L10.2 VOUY
H<aG A
gHg™ ' = Hovpnw g e G907 2
gHg ' C Hovww ge G997 3

LG R 7Y BINDTY) DO 79 YW R H .4
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https://he.wikipedia.org/wiki/%D7%90%D7%9C%D7%92%D7%95%D7%A8%D7%99%D7%AA%D7%9D_%D7%9E%D7%99%D7%9C%D7%A8-%D7%A8%D7%91%D7%99%D7%9F#.D7.93.D7.95.D7.92.D7.9E.D7.94

,3 PY0 NN TN 2 PYD 0D NI .2 PYDO DIPY 1 Pyo 0D MINID OP PN NN
093Py g 1 Hg C H oy gHg ' C H 0N » 25 ow) »wn oD

H=gg 'Hgg ' Cg'HgC H
L1 .oy myMan NaTNa TNX W VN 1’22 02NN NN I q YPyov nNYoNY bP

DN 290 .NPONIMN J0 NYY MMaNN~NN YO N ,YaAN NMan G OX .10.3 Dnnd
NY NPYNI DIDND NN DI XY 19NN g thg =h € Hw ,h e H <G
'gh = hg-v 795 N)pw

M NTHND 29D NN N war LSL,(F) < GL,(F) o7pnn .10.4 At
0P g € GL,(F) 939w ,A € SL,(F)

det(g ' Ag) = det(g~ ") det(A) det(g) = det(g) ™" - 1-det(g) =1

g tAg € SL,(F) o9
ovaNMMINN YV Py NN N SL,(F) »d 25 ovh N0 INDNY NN 7T
Ay <0Sp 00 n o pon cunN Jdet: GL,(F) — F*

(23)((12)) #((12)(23)»mommmnrx((12)) < S, nMmann-nn .10.5 A7
H <G nn .2 op1yxn nan-nn H < G nn .10.6 Yy

MPoNn NV PN ,G N2 H SV NYORNDY MPONNn dNY P W o0 YT X .ONDW
NINNRD TPONNYN NPONNN N ,a ¢ H 7R OX .H NN Mponnn 19 DNN .Nr
MPoNNN S TINX RN G-v 2Won . Ha NN NINKRD 73000 Aponnm ,ad Non
palp)!

HUaeH =G=HUHa

O aH = Ha 923 9 NN QN 952 TINRNY 290)

[Dy : (0)] = 22 = 2 DR VOWY 9% D (o) < D, DOPNY .10.7 POV
[Sn  An] =2 ™ (A, <S5, DD IRYY AINK TIT DY B

DN o No 7900 K < Honmmaw K <G on K < H <G oN .10.8 Yy
IKAGEPmnmeow HlsGon K< H

ORI RO (7) 2 NI YAN ,ITPN Myon 295 (1) < (1,02) < Dy Hwnd
Dy-2

MMNIAN~NN SV NYa5N VT .an-nn H, N < G vy .nman Gonn .10.9 990
n»no
HN ={hn|he Hne N}

HN <G H <G qomaox . HN <G 1w ,N <G or D Inom
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HH = H 395 159505 nmoy H - = H 9m>55 22915 1900 o0 AMan jnno
wYw .HN = NH o9 ,hN = Nh o»pmn h € H 5353 52apy N < G-v »9an
T € Honn € N onrpw RON Inh = hn NIDNAY IMIN RO MY 2D
nh = h'n'-v

DINRN DY (ANPN) 120N Yo e=e-e € HN MY HN # & >> 25 o)
MMO 7M1 0, € N o h; € H noy vy v Nn7va mMann~nn Sv
:HN 5v n%aomnd>

HNHN =HHNN = HN

h1n1h2n2 = hlhén/lng = h3n3
29N M
(HN) ' =N"'H'=NH=HN
(hlnl)_l = nflhfl = Tlghg = h’zné

HN < G x>
VP9 g Hg = H o»pon g € G 999w ,H <1 G qoma ox

g 'HNg =g 'Hgg'Ng= (¢"'Hyg) (9~'Ng) = HN
G- nvronI H XY N RO ox np mm LHN < G o)
Center ENY G NNIAN DY DD NN 1A 59N NITHN .10.10 DN
Z(G)={g € G|Yh € G,gh = hg}

THNY 25 Y .G DN DO 0y DavNNNY (-1 DMIDNRND 9D DY qUIND I DINT
735 27PYAN NIONA NN TPYNM NNANTNN OND YN Z(G) o Z(G) < G
SLy(R) < GLy(R) May Sund ,NOW 1N

7 MmMan 10.2

H < G nmannn Yv 6/a = {gH | g € G} nrONnwn mponnn qoiNa 19am
INAN NOWHN NN AT QOIN DY PTHIND IWIN

(aH) (bH) == abH € G/u

DTN DR MDD NIpna LH < G OX P OR (IRT) 200 DTN N N9
Quotient group, ,H-9 DA G 5W WYY M3N NXRIPY G/ pnanm eH = H N0 w n1ana
or factor group G/H yron o3 592pn H o1m G” NNt RIP) D10y
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2 20 OV nZ < Z 1’2 M2 FPOAN VY9 0PN NMAN NN Z .10.11 DNt
v ={a+nZ|a €L}y ={nZ,1+nZ,2+nZ,...,(n—1)+nZ}

owan .0 <k <n—199X k4 nZ nMN 9 0N ® 1MIAN2 OIDNRND MDD
N
(a+nZ)+ (b+nZ)=(a+b) (modn)+ nZ

Zlnz, v3 29 WV .k + nZ — k (mod n) npnynn 295 Z/nz = Z, >3 MNIY IWON
SO0 ITON OIDN Z-2 PR D IN) DY DIDND 2D OVND | Z OV NNANTNN NN
(NN 22RY VIS

JG:G] =150 M1 .G~ {e} mMmannnn nx v G nMan 955 .10.12 DNt
Gla = {e} ovomvr v 0191 .G/ = {G} nManNa TNXR IR P W MDD
[ G — G Hormaon ovammmnn D Svnd  2ONaN NManTnn X0 G nd
ker f =G 0”pn g — e 295 1TINON

f:G/{er = ovamR nw g {e} = {g} N0 W 0N G/{e} NN DIDNN
MR HP N D) .DVONMION JON Mt NY 0N ONRY XN g {e} — g 295 G
99 NMANNNA 1™ PN e} 0 id: G — G MM Npnyn YY pynnv
G 5V

nana onn JH =R x {0} < G-2 yann ,G = R x R»nn .10.13 Hnny
on MNN
G/m ={(a,b) + H|(a,b) € G} = {R x {b}},cp
-0 PND DYAPNN DY 0N DX MDD
D ovpm H <G nan-nm G oo nMan M1y .10.14 YD

gl =G H =

G: Hl=n<-v 10 H <G nm (a0 XpnT INd) nnan G onn .10.15 990
a € Hooovpmm a € G 939 00 N .00

200 0PN K 90 NMIANIVY NN INDON NNPONN P2 NNN 2D PO WO
Y9 G/H| =n om0 nD aH € G/H R ,ae Gy kEl=enkecK

o'H=(aH)" =equ=H
.a™ € H nop oo
OANY NN NN G/E Do .2 Op TN AN H < Gonn .10.16 990

JG/H| =[G H] =2y md .H < GG : H) = 2 DRY 725 1R )N
JPOAN NNV Zg NN, DUSMMDN YT TY ,NURI NINY) 2 ATON DTN NNaND
JPOAN NN ®oN G/ )oY
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First
isomorphism

theorem

ma 992 .G 090 TN DAND GOIN T o [, nan G oonn .10.17 990
Ao T < G N ,YAR G ORY DNNIN

T <G WN(m9an G orovno) T'< G ox .1
290 ATON TN XN DTN YR G/T nyn nana qona 2
D 0PI g € G935 o(a) =n M ,a € T O JYNRIN PYON 0Y 22NN NN

(97'ag)" =g taggtag...g7lag =g 'a"g=e

T <G oy g 'Tg CT o9

YN0 V1TON ey # 2T € G/T AR 0P 2D NPOVA NI PIVN Pyon May
92pn ,(2T)" =T oopmm .o ¢ T 199 e r = T N NP0 AR o(2T) =n
MOV 2" = e 129 (™) = e-v T2 m DPP IN PN I1TON 2" OX 2" € T 0D
DPYNo wv x €715

W ,G < GaNy 20 [T = G R Lo nan G o T < G- mnonT
YDON NY 22171 1901 95 MWD T =0 =, 2, 8 ,G =C* ox .G/T = {e}
20PN ITON NIN 1-n NNVN VYN TIY DY

Yy THR Jnan 11

9N YY DNVONMIMND Vavn  11.1

DIVPNN DPTID? DVAYN DN MMNIAND NI OV DNDINMDND Y0V NVIDY
D)2ND DT DVIVYH ¥ .NPONI) MNIANNM MN MNAN ,DNVINMIMN P2
P9 PI0YI DNIN LPYDIDNIN NIAION DY DINNA MOOON 991D ,DINN O»IION
DNIVHNMIPND YDAV AN VDY MIPYN NINY  )IYNIN DDONMMIDND VOVNAI
MYDIND NN AUROY VNPV 1D NN ,NVYND L (NNYa ONOMm OINND NN)

)2 VNRNY RN VYN NINKR NNIAND NI NNIAN P DVINIIVN

WL f 1 G = H DDOWOIDIN M L(NYNIN OVONMIDND VAVN) 11.1 0OV
f )
G/kerf = im f
Clrere = H W .p: G — H DOHOWDOR WV 0193

» o H = {(z,y) e RxR|y =3z} nm ,G = R x R Nn .11.2 0
Glr =R

N2 3 v Dy W RN H  Iaomneon mMynwnd 15 0w [ TPYUNT DR
DOOMMMN MY IRT L f (2,y) =3 —y 290 fr RXx R — R v
2o M3 Lf (£,0) =z > ,0vaMoN f nwynd

ker f = {(z,y) e RxR|f(x,y) =0} ={(z,y) eERxR|3z—y=0} =H

O TN NN 9aPY [ PYNIN DPONMIDRN VAYN 295
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Rz =2 Toowom v nman n T = {z € C||z] = 1} y903 .11.3 Y90

3, 009N M L f () = 2™ a5 f: R — T 973 2N
f (.77 + y) _ e27ri(:c+y) _ 627ri:c+27riy _ 627rix . eQTriy — f ($) f (y)

awny aNYYs z € R May e2™@-5 229 Yy 2z € T 95 20,0097 m0aN 0y 8o f
PV DN
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K| € 29 |K|||Z14] = 14 2 K < Z14-v Yo K = ker f 1903 0o
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WR 14 9ar L[im f| ] |Zao] = 20 Y991 im f < Zgg 02 WO WP Zgy = im f 19D
JK| # 199,20 DR ponn

92y OTIPN WNY IMTA N | K| = 2 DX

v
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JK| # 25 903 20 DX PO PR T-v )90 21w

H = 10Zy nMaN~NN NP2 .td Dv9mmmin o»p 20 NN L|K| = 7 or
Ly — H < Zog DOOMPAN MAN ,Zog DV (2 2T00 NAX NMANNN PIY W)
ATON NI PYVIY PO 30 D .0-5 oo ,10-2 ndw 07t NN DI90NN
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Inner

automorphism

Inner

automorphism

group

NMIX 32 M G/z6) = (aZ (G)) 11y a € G ©»P 1991 YN G/7(G) DMWY

D DOVITY
G=J92(@)

geG
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- MYV i 0P
9Z(G) = (aZ (@) = d'Z (G)

DPPNN )0 OX (NVPOPINN 29))

G=Jaz(G)

1€EZ
DMWY 4, ] € Z 00”p DY g, h € G vy YR G-v IR NYd
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39 h=a’h'-y g =a'g’ oMy ¢ b € Z (G) omnrp ms
gh =dad'ga’h = d'a’¢d’h =d’a'h'¢ = a’ha'g = hg
] JoaN G o9 ,gh = hg ©»pmn g, h € G 995v NNOIN

Glz@) OR Y . Z(G) = G BR PV DR IR G D DWITN DIOX .11.7 WpOY
G/z@) = CG/c = {G} 939> D PV D IR0 RO IR DY

292 AN Y,: G — G DYOIMMOVIND .a € GO ,NMan G o L11.8 YN
DD DONO BHOWDWOW XA 7, (9) = aga™!

Inn (G) = {1.]a € G}
.G 9V BHDMNOD BIVVONDIIRD HMN3IN DXIAPI W NMANN

nMan 2N Inn (G) 20N 7, = Y4-1 ) 7409 = Yap 22 VN 11,9 93N
.N2590N NYYS Dy

D»pm g € G 955 DHNOW

(Ya 0 1) (9) =7a (1 (9)) = a (bgb™") ™" = (ab) g (ab) ™" = a (9)

199 Y. = idg 22 25 DV JPYRIN PONN DR NN 1D

a © Va1 = Yaa—1 = Ve = id _
{ . N e ! 1 “ = Ya b= Va1
Ya=1 ©Ya = Ya=la = Ve = idg
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Code
Codeword

Linear Code

Standard
generator matrix
Canonical
pairty-check

matrix

,G NMan 955 »0 o L11.10 YN
G/z(@) = Inn (GQ)

23NN 285 ,ovIMMIN M .f (9) = v, 29 f: G — Inn(G) P DMOW
YN AR 2avM (Inn (G) RITHN 295) Yy NINY J2m ININY

ker f ={g € G|y =ide} ={g € G|Vh € G :v,(h) = h}
={9e€G|VheG:ghg ' =h} ={9€G|VheG:gh=hg}=7Z(G)

11.6 90 Mpond .G/z@G) = Inn (G) Yapy ,YRIN DVINMIPND VYN 19D
m JPONI0 NN IR 0N Inn(G) DN D o)

DYINYY DYTIPY XA 11.2

N2 109 ROV RTND YN TN MYyTNIN IAYND ) T IR NTPN NN
NIV PN D) DNPYD) NRNDYD NDDD ORNNA ,MNDY

TN DNOPY MYD ZE Sv DIDN Y MYTIN PAYNS NN TN NOSN
.Z’;-: (NY IX) MOPY RNND TIVX NN NON NYTIN D30 .NPDO k£ OV Wap
>k WND 120 | ZE S AR ZE 5w AN 935 DR pHY TTpnn

NYPD) P DMV NIPY WY DR DO ZE DY NNIAPTNIN NN WD L11.11 DD
M

WY W NI H € My, (Zy) N®0N DY DDARD 2NN NINY 1Y .11.12 7910

C on .Z5 5v nman~nn X0 C OXR P OX INYD N0 C C Z5 Tip .11.13 2y
LDAND MOPY NN DTN DN INKY DY 20NN NIN DN DD IR PINYD TP NI
2NOPY AN XN Zy O¥ NNIANTNN DD PNYRI p NAY N

29 MY D) DIVIRNN DPINYD TP PTHIND NN TIT DRI INYINA
MY VTN A € M,y 1 (Zy) N®I0N 935 .d X d 5TxA DTN NPION [;-2 NI
D12 MYIVN

p
A

G = € M, (Zs) o= (A In_k> € My_in(Zs)

NPII3 DYV NXIPI H-1 TIPN OW NP MY DMV NRIPI 1D 1NN G IWNRD
WOV Mpn MDD .Gr € Z5 Mopw T € Z’g MOPY TP . NIPN OV INHY MR
n —k novmna z mopia »nnn Gz mopnw 15 wv .C = {Gx \ x € ZE} won
PN ON v € C O7PNN :N2MN MYPPN NN M1TAN H 17010 .mn Yv nyao

HG = 0-v amx it myon 2051 JHo =0 oX
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IPN NINY NNIVNI NN .11.14 HINT

I,
1...1

G:

DN P ON DAX D2P) PN NN NP PO PO TP NPTHIN N NYIVN
NTTIA ANDY MMD NN RO NN NPV 29 1w MTNN DY N 1900 vw Gr-2
DNTT2 D20 P POM NIN JAN)

w P NON W T € Z’g MO D30 ,Y'NN NN MOV M PPNV 291 .11.15 DIYD
NPT OV PONA P MINAY IYPRY DYTY DNIX OX DY (7)) € C-v 75 T
,NINKRD INR TP N2 TIOND MDD MINIVY NN NN NYD JMN MM 501 TN

LT AN 1D 1TVANY XD MINOY 1N

Wy 09V Yan 12

Hamming weight 3PN PIID AW MTOND 900 NN v € Z5 NOP) SV MO 79wy .12.1 A0
Hamming NVNINY 291 .0NPA MNYN MTINYN 190N NN u, v € Z§ 0N MY A d(u,v)
distance A — U YV IPNN HPYN 2N ST Oy d(u, v) IR AYND 1N Zy NTYN Syn DTy

N0 (0111)-n (1100) Y@ 20N pnan .12.2 DNT
d((1100), (0111)) = 3
.(1100) — (0111) = (1011) S¥ 9NN Spwn PYTa NN
Distance Y TP MM NV PO YNN PRIND NN TP DY dyin YD 12,3 D910

VIRY TP MM SV D »NN SPYNd MY dyi, PRINN INYD TP .12.4 THYVD
.LDAND MO

MO MO O IR dpin > 2d+ 1 OR dy, PPN 0Y RO Tp C oy 112.5 THYVD
NV d TY PN N 2d Ty
LD0ON NTMY H-1 PR DX P OX DNX DXV MNSD MM SN0n Tip 0192

NNVN N .12.6 N

S8

I
—_ = =
= O =
o O =
S = O
= o O

MMD N2 MNIY NN 120, H SV DXODINRN 2NN NINY TPN OV dyi DN 12VN
APN2 312 NN
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MOPY W M .0 5aP) YA PIYN ,NNYNIN MTINYD NN DIDD) DX ANNO
D»PNRN v

Hv =

— =
— O
o O =
O = O
— o O

S = O =

|
o O O

MIYOO MPON DIPRI NRNIND .3 NI TPD TOPVY v OV Spwnin 2D dyi, < 3 120
Y MTMY N2 PN DO NTMY H-1 PX OX PN ONX dyi > 3 099 nnnpn
MNIY ONY TY MIMD N2 2D PO MIYON 299 .dyi = 3 199 NOXN ANNN PrTa M

JNN DNDY TY 1PN

MVD w0 TIP NN PYTI NNX NNV DYPRY M) 2INDY DIPNN TYD
102D v NN DAPO DIPNAY i OIPNA NP2DN NI ,NIYDPY NDMI NNY NPN PO
5apn H-2 9953 v+ e; NN

DND PPN 0 DY @ DA NYPR IRIYIY N9 1D LH DY -0 NTmyn Y
IPNY 501 KO D) PO YR DNV DN NYTO D01 KO N, H-1 mint mTny
v+ e€) 4 e = v PNND M NI XY PPN LNIMIN

195 A= (§93) n®pavnn nx na) L12.7 Dond

1
— 0110
01001

TIPN N2 NMN TTP) .z = 011 NYTINN IR MO N8

)

Il
O = o O =
—_ o O = O
O — = o o

1 00 0
010 0 1
v=Gzr=10 0 1 11=11
1 01 1 1
010 1

NIPN 2IRYD TP DY NN NPT NIV 1T DY He = () 0 M
) MDD M MTINY NV ¥ DAN ,D0ON NTMY H-1 PN 0D dyy, = 2 ™M
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N2MN NOAPNN NNV NYPRY M) INDY JPND XD DA ,NNNR DINIY MmO
D Ty W = 11111

10110
01001

G\
|
T = T = TSR
|
N

H-2 (§) mmmy onw v oo nm IPND 991 RO IR NNDY NYPR 0D P0) 1O
Mo 551 XN Ho' = 0 092pn 1M 121 ,(NY IN) MINDIY INY WYY 1IN
SNV NYPR D503V

09I9I DI 12.1

:DINN NNND YPN NI1AND NP ,NY

Ring 07PN ION Man N (R, +,+,0,1) »n .12.8 H910
2NN OV TPNDNN NNIAND INIPY AR NNan N (R, +,0) .1
oNom N0 (R, -, 1) .2

0PN a,b,c € R 935 995 (P20 DNnNvN) N80 N 07PN .3

(a+b)c = ac+ be, a(b+c¢) = ab+ ac

(R,4+,-,0,1) opna R 3 2112 , M2 Wwpnn IWRD

NT NN DTV ND anT N C N R wd (F+,-,0,1) nTv 95 .12.9 Dnnt
O DPNMN KO 0NN DIV .M NN NN DIADN NOWAY IMDD PN N
DYNY DPN2N NN DIV DTV IPN ONTNA NINY ,M¥I0n a5 2N oy M (Q)
DMIPAN NN N ,D9)7 D9 NN DY Z 1D (D290 DIDNN DD KD D) MTY

DMYN HY 93 NN oy R[] TAN Manwna o»wonn

PYND .DANNY WD PYTA p: B — S 0N DY OYaMImmMIN PTHND IVIN
(Two-sided) Ideal ~ TNANTNNY YTPONA NNTY ,OTTINTIT) IRTDR ORVP OOIN DY OPINIMN DV
ON NN NI 1 C R o0 9N ORTNX DTN NPV 77T .MMaANa NN
DI MO NIPNA i, ier € 1 0Ppm @ € 1) r € R 592 1M2n NMan~™nn XN
MYOR MY (r) = {arb|a,b € R} N8N 19 XN OX PURI RIPI ONDR T < R
N NN PTHIND OIWIND DOXRDN 7 € R

52



Quotient ring

Degree

Polynomial code

NNAPN NN 1-5 02 R SY DD MWD ORTR [ < R o0 12,10 970
Bli={a+1|a € R}

{la+1)(b+1)=ab+1%>5m (a+I1)+(b+ 1) = (a+b)+1 Nnn My oy
Ar + 1 20 npron 22N 0g + 1 = 1 N0 DIND YN

NI N2 f(z) PR DD Zo[z] ©mIran DN NNy MITP NOW DRI DY
ARINEIRYA
f(2) = apa™ + -+ + ae® + a1 + ag

NMAY £ OV NN 0N n PPN NN L deg f NIMONn L f OV YYD .a; € Zy MY
Ay #0
W L f(x),g(x) € Flz] v 01w F o (00my919) mTOPIN Npon) 12.11 twyo
o»pnm degr(x) < degg(x)-v 15 q(x),r(z) € Flx] o omyha omn»p
(@) = q(a)g() +r(x)

LDOTOPIN DNINONR DY D19 DY NN 2N TITN NINP O NN

DN PRTPNY ,n INPA 939 NN MDYV DWNS T Yy »8y ZITa mop 9o
NN 2t 4 2% + 1 owhon oy A% 011001 NN YWY AT 295 NOPIN 22009
PN OV S DINOD XIPIN m MOV g(x) € Za[x] N2 YOWNS 1Y

Z™-2 MR 9190) N L f(2) DIPDINY RNV MVPIN NN MOV NNV 1PN
q(z),r(r) € MY PP DY .g(x)-2 f(x) - 2™ Sv IRY DY PPN Yy¥aN
DYPNNY T3 Zsx]

f(@)-a™ = q(x)g(x) + r(z)

J(@) 2™ —r(x) o0 ndeav mpn N degr(z) < deg g(z) on

v € (g(x)) DX PN OX g(x)|v DX PN ONX TP NN NN v € Zs[z] NDM MDD
Lg(z) > Sy 23N HRTNRO NO»Y)

TIP (MDD INY P NYVIND IVARY) MINYD TP NIN MDPNI TP .12.12 WD
YN ROK YO f(x) DIPDID DNNWY KY S92 MY HY NPDO m Pom
DMk Ty 0w ndynn NX

MmN opin 1101 Mopn IR TP g(z) = 2% + 22 + & N2 12,13 nnT
92PN MY RPN Y8 Lf(7) = 23 + 2% + 1 D195 NN

flx) - 2® =2%+2° + 2% = (2° + 2)g(z) + 22
SY DNTPRN NOPI IR NSV r(z) = 22 NN IRV I
flx)-2® —r(x) = 2%+ 2° + 2° + 2?

TP N2 NN P9 N2 0aY Lg(x)-2 PONIN NTIA Nt 0o 1101100 Nnv
fpn”

NN WD ORNNND O9N 27T NN NN oD 1001110 MOopn Sapnm no

TP N9M NPNR B 1PN 22 + 2 NN g(x)-2 19w nponn w28 + 28 +2? o
Ao
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Cyclic code NVONN 03 (ai,as, ..., a,) € ZY Tip N9 9 DN MIPS NIPY TP .12.14 N1
P oM NN (ag, a, as, ..., a,_1) NIV TIYON

PN NINY NYIVN DY XN PN ONN .12.15 99390

0 0

e e =R e T
__= O O =
_ o O = O

DOPN NN

MNAN PN M0 VTP Z3-2 MyTinn \no

(000) — (000000) (001) — (001001)
(100) — (100111) (101) — (101110)
(010) — (010011) (011) — (011010)
(110) — (110100) (111) — (111101)

29PN RO PN 199 KD (110011) Yan ,mpd 77w (100111) »5 25 oow

22PNNN MMPNAN PN OX PN ON 2" — 1 IR PO g(x) DDA .12.16 WYV
JOPN NI

W DYDY SV NNAN 199015 Prann z'P — 1 € Zy[x] owon .12.17 nnnd
DP9

P 1=+ D)@ +r+ D+ + D@+ 22+ D@ +2° F 22 o+ 1)
DDI9N NN N2
g@) =@+ 22+ D+ 2P+ P+ D) =+ 2T+ a2t 11

NINPA NPIONN AN OISO .5 900 pnan oy C C Z2P »Hpx mip Ay
2OV NNPN NI NPT NNIVN NN DIPNN

Wy AVITY Snan 13

NTNHN Nys 131

Conjugates 1MV a € G DD OR DTS /-1 g DIDRY DN .NNAN G oNnN L13.1 DN
NRIPIY AN 95 S MPpwn Nponn v G Sy MY py o pTn M b = aga !
Conjugacy class 2OV TMDOED IPIND
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h=1 g >3 M3 ;MY M DTINNN DNV DADN MY PN ,G MYIN NNANA .13.2 NN
MYV a € G O”p )20 DTN

h=aga' =gaa ' =g

g Y¥ MTNXN NPONN DX PN OR g € Z (G) 7 NwHd nMan G oN 955 19183
{g} on

AP .0 0D TON g € G ,nan Gonn .13.3 9aan
0(h) =nnx,g-9 7MY h € G dX .1
.g € Z(G) nx ,n 7010 G-2 DIVN TY PN ON .2
DMWY

D 25 WY b= aga”t yMmayw a € G 0»p P9 0Ty by g 1

h" = (aga_l)n =agataga™' .. . agaT' =ag"a' =aa = e

J/

'
n times

N0 (h) =m DR W T8 0 (h) < n-v NOM M
g" = (ailha)m =a'hma =e
0(h)=m=n 950792 .0(g9) =n <m PN

AN NN g-v P YaN .o (hghT!) = n 2WUNAN pyon 2ab b€ G o 2
.hg = gh-v 9apn o h-1 9192 hgh™! = g 199 ,G-2 n TON TN
O .9 € Z(G) 991 ,hg = gh o»pmm h € G 535 MNOIN

OV .Zy DX NNPO VAN OVUND  .)0) IPX PYD 953 7NN PoN .13.4 WD
v DN TN 9997 ;15912 DY 30 10D ;0TS XY 0N YN o (l) = o0(3) =4
T0 IMND INR AN

TDND TN 0 ADRND ,D3 1NN L13.5 INT
ror ! =107 = 0?

.D3-1 3 9700 DYIDR MY PR D ,0NY DTN DIDN Ty PN

DN L(ag, ag,. .., ar) € S, MNP M 0 € S, NN .13.6 9N

o(ay,ay,...,a)0 "t = (o (a1),0(az),...,0(ar))
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IMNNN INOWD decorate-sort-undecorate NVXWY WP NN MINID DI DPOW
AL,2,..0,n} 5y 12N IMNA MO MMNNNIY IR .NYNP 0-Y 1TON 299 PN
NN MOV P PN nmnn L1 <@ < EnveR My mo= o (a;) 2D n23 ,1IYR)

ONNY PN NNP N DN .o (a;11)-2 m

(O’ (ay,as,...,a;) 0_1) (m)=o0 ((al, as, ...,a) (0'_1 (o (az))))
=0 ((ay,as,...,a;)(a;)) = o (ais1)

DN IPR M 0D NI NI o (ay), ..., 0 (ag) 9Y 72T IMX MO MNNNN 19N
ONNY PN XD XYY IMN NOWN P> PR NN 19,1 <@ <k aNY o (ay)
1991 ,i 999 071 (m) # a; 22 15 DWW

(U (ala Qag, . .. >ak) 0_1) (m) =0 ((a‘1> ag, ..., Clk) (0_1 (m))) =0 (0__1 (m)) =m
O MY MIVINTA MMMNNN XYY INON

T =10 = (1,3)(4,5,6) ,a = (1,5,3,6) mmnn Sg-2 MmN .13.7 99590
N 2VN (2,4, 5)

oac 1
Tar~t 2
,13.6 99110 DNONN 290 IO
cac™t = (3,6,1,4)
rat ™t = (1,2,3,6)
Sp=1((1,2),(1,2,...,n)) (1n2) 13.8 MHPOY

o = DN DIMNN DY ND9ONY NMNX PI9Y  .NMMN o € S, NN .13.9 D910
™MD NN VTN 1y > 19 > - > 1 0,1 NI 0 OV TIND D M) 0103 ..0}
Cycle type (11,79, oy TE) DMTON P-k-N APNO 0 DY DINRNDD

SV NN Man ;(3,2) X0 (1,2,3) (5,6) S oavnnn Man .13.10 T
[(4,2,2)xn (1,2,3,4) (5,6) (7,8) v oannnn man ;(3,2) mn o (1,5) (4,2, 3)

2907 DTN TH3D K D7 ¥ DR PN DR S,-3 WIS IWOD MW 13,11 HROY
DANON? MY R? W 3R ,S-3 (4,2,3) (1,5)-2 dnws (1,2,3) (5,6) dWond
Sg-3 (1,2,3,4) (5,6) (7,8)

(12N 223900 PON N NPT ¥ OX) DN
D M) T =mor M) LS,-2 MTIE MAMN NV o, 7 € S, NN (<)
129 ;00 OIMNN OV NDAOND T OV MO 0 = 0103 ... 0k

T=mor = TO109 ... 0k7r_1 = (7r017r_1) (7T027T_1) - (7T0k7r_1)
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Partition

553 71729 9P 12 WD ;MNN NN Toy Tt NMNMSAN NN 95 ,0Mpn 9NN b
NOVP OO0 (MO M DN 01,09,...,0% ) MO N DN ORI ONY DINNN MY
TINRD IMND NI IORD OMANIN TAN 91,0 DINNN DY N9 7 DY P9
DN MIAN IMNX 7-2) -5V YN NON .0-2 DINNNN DYV

0 = 0109...0% YD) .DIMNND M IN OY 0,7 € S, "IN (=)
i = (binsbios ooy bimy)) 00 = (Qi1,Qigy ey Qim;) IYND T = TTo... T
NN VT LN DIMNN O Ty, ..., T ON DN OIMNN 0N 01,09,...,0%
3 25 V) .ONNYD DNOWI DIDNN INY 901 7 (a, ) = b, j To 7

mom = (A1, iy ey Qi) T = (T (@) T (@) 5 T (@im,)) =
= (bi1,bi2,. .. bim,) =T
1ON
mom = TO109 . . . Jkﬂ'*l = (7‘(’017‘(71) (7?02%*1) c (ﬂakwfl) =TT...Tk =T
L] Sp=2 MTINY 7-) 0-Y RN
n>39% Z(S,) = {id} » W .13.12 wpow

MY NN a # b € S, NN .a # id D N2YvIA P a € Z(S,) 2NN DN
NMAYY o €5, NOPP NN 92NN 299 .a DY WD DINNN NN IMN DY a-N
91p) 99 ,a € Z (S,) 9aN .oac! =D

b=cac ' =acol=a

O Z (Sy) = {id} 95 ,a = id n15n2 135 .b Sv NPNAY NPNDA

v

- 2> D”YAL DI90N DY DY ND NITO NN 1 DY QYN L13.13 D910
£ (n) ©MON 1 SV MPIYNN 1900 IR N =Ny + -+ + NK-¥ TI 1y > 0

ny

L2 (1) R 5,-3 TWDDID MPINY 10D .13.14 RO
255-2 W MTNY MPONN NNd .13.15 990

:0”Y20 OI90N DY DIODD 5 NN 1ININ ,ANINND NMIPONI MY WM

5=95
0=4+1
5=3+2
0=3+1+1
5=2+2+1

O9=2+1+1+1
o=1+1+1+1+1

p(B) =719
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Centralizer

Subgroup
generated by S

S generates G/
Finitely

generated

T-Y 0 DR .DMNND MIAN IMN 7-9) 0-9% NI 0,7 € A, vy .13.16 9N
24,,-2 MmN

N )99 L3 DTRN NN NN Az 0D DYTY DA = 3 NP2 OWNY IND NN
A3-2 92X D590 DaPy YNINN NNNA NIV DNNTH 29D POAN VI ,OPIN
DTN 0N VAR .A3-2 TN 0N (1,2,3),(1,3,2) € Az ,0792 9n8yY P TNy

.DMNNN NN IMN DNY ¥ 5 | S5-a

SV INKD IR P a € G YR NAY .0Nan G oNn (AN 02)nn) 13.17 DTN
mnd a

Cala) = {g € G|ga = ag}
0= (1,2,5) My Cg, (0) NX NN .13.18 5990

NASNNN 7 NN .o BY MADNNNN NMNNNN NN NINND TN, MINN 02N NS
MINN IO NINNY TS )09 707 =0 OX PN ON 70 = 07 DX PN DN 0 DY
NAIND MMNN DY DD NIV YW )N DITHRYNYI DIPNI 0 NN MPNRYN

(3,4) oM D NN P W - -5 Mty MmN .1
(1,5,2)-1 (1,2,5) ,id - 2yna 0 IR My mmn .2

NNONN NNPYIN 1921 ,0 DY NAONNN ¢ DY MASNNNN MMNNN DY N1 DO )2Nd
N
{id, (3,4),(1,2,5),(1,2,5) (3,4),(1,5,2),(1,5,2) (3,4)}

VY NYAIN Yvan 14

NNAPTNN M DY NANNN HNAN-HN  14.1

29 oY) G-21 DIDN NP R NXaAp-nn S C G onm nnan G oonn L14.1 9910
(G 5Y nMan~nn NIoNa NN S-v
NINON S DX NDONN ORI NNANN™NN NN S T Y MSHD NN~ HN
,G = (S)-v 75 a0 S nurp or LSO HY MY G-v NI N G = (S) ox (S)
AZ1, .o, TE) NP DN ,DIDVN OV AV NXIAP NAY N SN G 0D NN
NN ON PPOPN NN DNAN LYY NNAaN DY DTN NOYON I e DTN
JP9ID NN TPMD NNAN DO DY LTANR TN T DY NIND

NPOT YN Ny o LH = (2,3) v {2,3} € Z np» .14.2 Dt
H =7Z-v

wom (—2) € H oy wx 2 € H-v ywd H C7Z v191 Z 5v nnan-nn H
95 LH-2 99m \Z 5v A%y XY 0PN AR MY (—2)+3 =1 € H-v
H=7Z-vwvp ZCH»™,Z=(1)CH
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A4,6) ={dn+6m|m,n € Z} Saprx ,{4,6} C Z np>) OX .14.3 DN

P NYonN DNdYN YV NNINNN M) (4,6) = ged (4,6) - Z = 27Z-v 1yo)
PV T 199N T DY M) (D7D DTN NN

{4,6) C 27 991 2|4m + 6n-v M2 (C)

27 C (4,6) oopnn 03199 .2k = 4 (—k)+6k € (4,6) N .2k € 2Z > (D)

NN IRND AN OP ,POAN NNANAY NIPNIA ,NNINKD NNNTO IMTI .14.4 HNNT
a,b € G ©I¥Y NY NP OX HYND .DIDN NNIAP T DY NI NNIANN™NN
{a,by ={a't’ | 1,5 € Z} 53p3

ownNY TN ©-b-n YD) TR O2-a-N 9D NN TOD Y)Y, NY/OD NN MOta

abaaab~*bbba"ta = a*b?
:0”PNN TPOIAN NMAN OO 19N
(ay,...,a,) = {a]fl...afln }Vl <i<n,k; GZ}

255 1Y "o’ n¥ap NN (A) MR DY 1WND YD N 145 YD
wND AU AL nrnbd 1nHw mashnn NN 0P Tn LA NaPpa NYMIND MYNHNA
T € A My, mMA3ONN M MPMIN Y waw NTo NN nn LA = {a ! |a € A}

G-2 DTN AR IR ISP £ NPIn N9 zr ! = a7l = e oopn

NYID NPYAN MMan  14.2
NN DY DPNYNRI NYOOD pips ... pr ITON WYAN NMan G NN .14.6 YWYV
G = Ly, X Lipy X -+ X Ly,
ON PN ON (n,m) = 1-v (NNXIN2 DIPNIV) MIYON NRYD PEPITYNRI INOMN

G = Ty X Lig X Ziqq W ,154 97010 199a8 G ON 9W10 Zy, X Ly = Lo,

D901 ONIYP NN .p" ONYNRI DY NPN AITON NYANR NNMaAN G 0NN 147 YV

G = Zpmi X Ligmy X - -+ X OOPODY My + -+ - + My, = n-Y Td my, ..., My DPYIV
Ly
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