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Calculus 2 - Solution of Exercise Sheet No. 2

March 14, 2011

1. This question is rather technical, so we solve only a selected few exercises:

(a)
(b)
(c) We can perform division of polynomials, but there’s a shorter way:
" z"—-14+1 z"—-1 1 1
— = = 1 oo n
r—1 r—1 x—l—’—xfl (—f—x—l— o )+
when the last equality uses the formula for sum of a geometric sequence.

1
rz—1

(d) Since the discriminant is negative, the term x? + pz + ¢ is irreducible, and so we write:

1 A Bx+C  A(@*+pr+q)+(Bx+C)(x—a)
(r—a)(@®+pr+q)  x—a a2+pr+q (z —a) (22 +pz +q)
(A+B)z? + (Ap—aB +C)x + (Ag — aC)
(x—a)(2® +pz+q)

We equate the corresponding coeflicients of the polynomials on each side, to get:

A+B=0
l=(A+B)2*+ (Ap—aB+C)z+ (Ag—aC) = S Ap—aB+C =0
Ag—aC =1
Solving for A,B,C we get:
1 -1 p+a
- B = o= PTC
a? +pa+q a? +pa+q a? +pa+q

Notice that the restriction p? — 4¢ < 0 means that the equation 22 + px + ¢ = 0 has no real
solutions, and thus a? + pa + q # 0.
To conclude:

1 _ 1 r+p+a
(w—a)(@®+pr+q)  (a®+patq)(z—a) (a®+patq)(2?+pr+q)
One can check the correctness of this decomposition by adding the two fractions.

(e) Notice that the discriminant of the denominator is A = 32 —4.2.2 = —7 < 0, and thus it is
irreducible.
Therefoere we write:

/ dz B 1/ dx 1/ dx B
222 + 3z + 2 2) 22+2-3x4+1 2 242 4x+16—|—16
P .
2 (x+3 ) + 2 7 7 ( +1

- i/( dmg))2+1:i-\f~arctan(\ﬁ(m+i)>+0




(f) Here we can perform division of polynomials, but it isn’t necessary:
4d 4 x(2®—1 d
T dx _ x x+xdx: ( )da?+ xax _
3 —1 3 —1 3 —1 3 —1

x2+/ rdz _:1:2+/ A d—|—/ Bx+C d
2 -1 (@2 +tz+1) 2 -0 ) @rzr™

Now find suitable A, B and C and we are done!

2¢+1 A B C
—_——dx —d. d —d
/x(a:—l)(z—i—?) / x+/z_1x+/x+2x

And again all that is left is to find suitable A, B and C.

(g) Routinely:

(h) Here we use change of variables to get to rational function:

t=¢e" = dt = e%dx dt/;

/ dz _/ _/ dt B
e et —6 :dx_@ “)ert-6 Jtt+3) -2

C
= | Zat =t —_at
/ +/t+3 i

Again, find suitable constants to finish. Don’t forget to change ¢ back to e* at the end!

(i) Same old process:

/(jjf)zdm:/(x_f)Z?H /7(1 +/ )d:b—i—/ ild—’_/(xfl)zdx

and so forth.

(j) Again we notice that the discriminant of 22 + 4z + 5 in the denominator is negative, and so we

write: B o D g
/ /f #dx—i—/%dm
($2+4x+5 x? +4x+5 (22 + 4z + 5)

(k) This is a trigonometric rational function, and it is odd w.r.t cos z, and therefore a suitable change
of variables would be ¢t = sinz. But we have to figure out a way to perform this substitution:

/d:lc _/cosmdx_/ CcoS T dr — t=sinz = _/ dt _/ A dt+/ B g —
cosz ) cos2z ) 1—sin?z  |dt=coszdz| J 1—-t2 ) 1—t 1+¢ 7

(1) Here we just need to use a trigonometric identity:

/ sin (az) cos (br) dz

and so on.

1
E/sin(a—i—b)xdx—i—/sin(a—b)xdm:

= —cos(a—b)x —

30— a) cos(a+b)z+C

1
2(a+0)



(m) We have a trigonometric rational function, which is even w.r.t. both sinz and cosz. Typically in
this situation, we would like to use the substitution ¢ = tanz (which would work!), but there is
an easier trick here:

dzx sin x + cos? dzx dxr
/7.2:/—.2(&:/ 3 +/.2 =tanx —cotz + C
cos? zsin” z cos? zsin® z cos?z sin® z
(n) We perform the substitution in the hint:

/ dx [ a asint t } / asipl / asintdt

— = |z2=— =dz =

V2 —a? cost co [_a>  _ .2 cos? 1/ @2(—cos? )
cos? t T cos?2t

B asintdt asintdt / dt
N a2t \/gin? ¢ acostsint | cost
cost

and thus we have magically received an integral we’ve already solved. Don’t forget to switch back
from ¢ to arccos (¢/z) (this expression is well-defined because of the limitation || > |a| > 0).

(o) We seperate the integral:

/.szinm—&—Q.cosx de — /'2 sina? dx—!—/ . 2cos.x dr =1, + I
sin“x + 3sinx + 2 sin“x + 3sinx + 2 sin“x + 3sinx + 2

For the second integral, a simple substitution suffices:

t=sinz = dt A B
! [dtzcosxdm] /t2+3t+2 Ut+2 t+1 ]

For the first integral, however, we need the standard substitution for trigonometric rational func-
tions, which yields:

2t
t = tan (¢/2) = sinz =

Lo / sin x d — 1+¢2|
S (sinz +2) (sinz +1) ~ do — 2dt B

14 ¢2

_ Atdt 1 _/ 2tdt -
(1+t2 *2) <1+t2 +1) (1+12)° (t+1+2) (2t +1+1¢2)

2tdt At+ B C D
= 5 = 5 dt+ [ —dt+ | ———=dt=...
(t2+t4+1)(t+1) (t2+t+1) t+1 (t+1)

(p) We would like to substitute ¢ = sinx, so we use a trigonometric identity:

cosx _ cosx [t:\@sinx:] 1 / dt
dt

G5 gy = L
VvV cos 2z /1 —2sin?r :ﬁcosxdq; \/5 Vv1—t2

1 1
— — _— .arccost = —— - arccos (ﬂsinx) +C
V2 V2

(q) It’s possible to use the usual trigonometric substitution ¢ = tan 3, but that would give a very long

and complicated solution. Instead we use the fact that tan? x = C0512 — — 1 to write:

1
I, = /tanmscd:zc:/tanm_Qx-tan2xd:C:/tanm_2x~{ 5 — 1}dm=
cos? x

1
= /tanm”x T dx — /tan"“2 xdr =J — I _o




which is true for all m. Now notice that:

t=tanx = _ _
1 tm=l tan™ lg
J = /tanm72x' dr = dr = /tmfzdt: = +C
cos? x dt = — m—1 m—1
cos? x

which means that for all natural m > 3:

tan™ ! g

== e

This is a formula worth knowing, but we’ll only use it in the case m = 4:

tan? tan? 1 tan?
/tan4xdx: al; xf/taHQxdx: an x/{ l}dx ar; xftanererC’

3 cos? x

Here the discriminant of 422 — 2 + 1 is negative, so we should use Euler’s substitution. The usual
substitution is v4z2 —z + 1 = t — 2z, but we will use v4x2 —x + 1 = t + 2z, for reasons that
will become apparent:

1—t2
\/ 4x2 —a:+1—t+2a::>x—

2z — Vdx? —x + 1
der = 9
z—1 A 4244
dr = —
C(@t+1)°
_ /2m—t—2:c A2 42 +4 t4t2+2t+4) B
-1 (4t + 1) —t (t+4) (4t +1)

B — (4?42t +4) 1 A B B
- /(t+4)(4t+1) =7 /t+4dt+ ity =

We use the usual substitution for this type of integrals:

— t=Vr—-1=>z—-1=13 t
Ve ) :/—3-3t2dt:3/dt:3t:3\3/m—1+0
T — 1 dx = 3t°dt t
But at this moment we might realize that this is silly, and just write:
Y — B 1)
xx_l (x—l) 2/3dm:(m1/3):3\3/37—1+0

First we simplify the integrand using a simple substitution:

/ t=2a°= 1 /

Va0 =2 | dt =5atde| 5 VIZ—2

Now the radicand (meaning the expression inside the root) is reducible, and can be written as
t? —2 = (t —/2) (t+v2). This means we need a different type of Euler subtitution. Generally

speaking, when dealing with an expression of the form \/a (z — ) (z — 3), one should substitute:
Va(z —a)(z — B) = (z — a)t, which yields:

aB — at?
a— t?



And now we can express both \/a (z — ) (z — 3) and dx in terms of rational expressions in ¢. In
our case, we substitute:

2 (u?+1 42
\/<t—\/§)(t+\/§) = (t-i—ﬂ)uitzwidt:%du
1—u? (1 —u?)
\/ﬁ(u2+1) 2v/2u
2 _ = — = = _— = —_—
? -2 \/<t V2) (14 v2) = (t+v2) u [ V2 u=
And the integral becomes:
1/ dt B 1/4\/§u/(1u2)2du_2/ du 1 / du +/ du |
5) ve—2 5] 2w, 5 ) 1-w? 5 |J 1+u T—uf
1 1 1, [t+V2+VE2=2| 1 |[t+V2-V12-2
= —-Inll4u/l—-In|l—u/=-In ——lIn =
5 5 5 t++/2 5 t+v2
I N R e R | B S E s Pk ) B
5 t+V2—Vi2-2| 5 254220 -2

Multiplication of the enumerator and the denominator by z° + v/2 + V219 — 2 will now yield:

/;““i?—; \1&-(x5+\/m)’+c—;1n‘(x5+\/m>]+c

(since the term —3% In (1/v2) is expressed in the constant C.

In

2. Since f is strictly monotonic, we can perform the change of variables z = f(t), which means that
dx = f' (t) dt. Thus:

/f_1 (z)dx

/f‘l(f(t))~f’(t)dt=/t~f’(t)dt= [

u=t=u =1
= ()5 u=1)

- t~f(t)—/f(t)dt=t~f(t)—F(t)+C

where the last two equalities use integration by parts, and the fact that F’' = f.
Now use t = f~1 () to get:

/f*1 (@)de=f""(2) - f(f7 (@) = F(f (@) +C=a-f ()~ F(f () +C

Notice that it is not a correct solution to differentiate both sides, and see that the derivatives are equal,
since we can’t be sure that f~! is differentiable!

For example, take f (z) = 2®. It is infinitely-differentiable and strictly increasing on the entire real-line,
but its inverse f~! (z) = ¢z is not differentiable at 0! (it has a sort of “oc” derivative there).

This is because f’(0) = 0, which doesn’t fit the conditions of the inverse-function theorem.

3. The first claim is FALSE and the second is TRUE.

(a) A simple counterexample would be taking f (x) := 2D (z) — 1, when D is the Dirichlet function on
the segment [0,1]. This is a sort of “symmetrization” of the Dirichlet funtion around the z-axis.

Namely:
1 T
f () = {_1 ’ Zg

Now f is not integrable on [0, 1], since otherwise D = % would also be integrable on [0, 1], which
we know is wrong. But |f| =1 and thus integrable on [0, 1].



(b) /g is bounded on [a,b], so we can take M > 0 such that |1/g| < M on this segment.
g is integrable on [a, b], so according to Darboux Criterion, for all n > 0 we can find A > 0 such
that for every partition P of the segment [a, b] with parameter A (P) < A, the oscillation of g with
respect to the partition P is smaller than 7.
Namely Y77, w; (9) Az; <1, when w; (9) = M; (9) — mi (9) = supjy, _, 4,19 — inflz, , 4, g is the
osscilation of g at the segment [z;_1, z;].
Now we need to bound the oscillation of 1/4 from above. To do this we use a claim from class:

1 1 9(y) —g (@)
B R e e
T, YE[Ti—1,24] g (Jf) g (y) T, YE[Ti—1,2;:] g (.T) g (y) T, YE[Ti—1,x;:]

ity i ) 1 9w=—g@) _ _g(x)—9()
The last equality is due to the fact that for all ,y € [x;_1, 4], T 9 = e e and thus

any “large” negative expression that appears when taking the supremum will be accompanied by
an qually large positive expression.

Now we can bound the oscillation like so:

Y~ sy lg (y) — g ()] ‘1 9@ —g(@)] _ L
B T E R 107 B R VR Tl

Z,YE[Ti—1,%4 Y€ [xi—1,T]

g(y) —g(z)
g(x)-g(y)

So for every € > 0, take n = M?¢, and find A > 0 such that for every partition P of the segment
[a, b] with parameter A (P) < X\, "', w; (9) Az; <7, and thus:

- 1 1
> wi(VYe) Aw; < e > wilg) Aw < ek
1=1 1=1

Therefore, again by Darboux Criterion, /¢ is also Riemann integrable.

4. f is continuous at xo, and thus for € = 1 f (x9) > 0 there is a d > 0 such that for all z € [z — &,z + 4],
[f (x) = f (z0)| < 3f (x0) = f (x) > 3/ (x0) = & > 0. Define:

e xzefz—46,0+4]
h(x)‘_{() x ¢ [r—3dx+ 0]

Thus h is integrable on [a, b], since it is piece-wise constant.
Now, Since f is non-negative, and for z € [x — 6,z + d], f (z) > e, we deduce that f > h on [a,b], and
by monotonicity of the integral:

/abf(a:)dx

Y

) )

/abh(x)dmz/:éh(x)dx+/:+6h(a:)dx+ ' h(z)de =
-

z+6 b
/ de—i—/ de—i—/ 0dr=04+¢-20+0=2e6 >0
a r—0 z+6

5. Assume that f;’ f (z) dz = 0. We shall prove that f (zq) = 0 for some xq € [a, b].
f is integrable, and thus the Upper-Darboux Sums converge to the integral, which is 0. Namely:

n

lim sup f-Az; =0
)‘(P)_’O i=1 [$1171,£Ei]

Now take a partition P, of [a,b] to n equal parts, and for ¢ = 1 there exists an n > 2 large enough
such that:

n

Z sup f-Azx; <1

i=1 [afi—l’wi]

This implies the existence of some segment I; = [x;_1,;], where f < 1 (otherwise, we would get a
sum of n terms, each at least 1/n, and reach a contradiction).



Notice that the length of the segment is [I;| < 1 (b — a) (this is the reason we took n > 2 - so that the
length of the segment I; would be exponentially smaller that [a, b]).
Now f is integrable on [a, ], and thus also integrable on I; C [a,b], and since f is non-negative:

b
0< f(x)dxg/f(x)dx:O:> f(z)dz=0
Iy a

I

Thus we can repeat the process for f on the segment I; instead of [a, b], to get a segment I C I; with
length |I| < 3|11 < § (b— a) where f < & (by taking e = 1/2).

Continuing in this way, we get a sequence of nested segments [a,b] = Ip D I; DIb D ... DIy D ...
such that f < !/x on I, and:

1 1 1 1 b—a
[Tesa] < 5 el < 5 1ot < o5 |0 < g ol = S — Oas b — oo

Using Cantor’s Theorem for a sequence of nested segments, we deduce that (),—, Iy = {zo} for some
xo € [a, b].
Now for all k € N, ¢ € I, and thus 0 < f (2) < 1/k, and that can only be possible if f (zq) = 0.
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