
inpic zepkz

zevixhn zltkn

O (pqr) :dltkdl zelertd 'qn .q × r lceb - B dvixhn .p× q lceb - A dvixhn

zevixhn 3

M1
p0×p1

· M2
p1×p2

· M3
p2×p3

?zeyexc zelert dnk

p0p1p2 + p1p2p3

:xcqd z` zepyl xyt` f` ,ziaih`iveq` `id zevixhn zltkn

dnbec

M1
100×3

· M2
3×100

· M3
100×2

didi zelertd xtqn (M1M2)M3 dyrp m`

100 · 3 · 100 + 100 · 100 · 2 = 50000

didi zelertd xtqn M1 (M2M3) dyrp m` la`

3 · 100 · 2 + 100 · 3 · 2 = 1200

zevixhn zxyxy zltkn ziira

M1
p0×p1

, M2
p1×p2

, ... Mn
pn−1×pn

hlw

zevixhn zlktdl ilnihte`d miixbeqd xeciq(a zeyexcd zelertd 'qn) hlt
(zelert menipin = ilnihte`)M1 · ... ·Mn

1 oexzt

.xeciqd mr zeyexcd zelertd 'qn z` wecape iweg miixbeq xeciq lk lr xearp
:od dltkdl zeiexyt`d .zevixhn 4 epl yiy gipp

((M1M2) (M3M4)) , (((M1,M2)M3)M4) , ((M1 (M2M3))M4)
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(M1 ((M2M3)M4)) , (M1 (M2 (M3M4)))

:ur dpap .oey`xd xeciqd z` litkdl dvxpy gipp(M1M2)︸ ︷︷ ︸
p0p1p2

(M3M4)︸ ︷︷ ︸
p2p3p4


︸ ︷︷ ︸

p0p2p4

.ur yi xeciq lkl - d`ld oke

?yi mixeciq dnk

.iweg (Mi, ...Mn xear)miixbeq xeciq yi milr n mr mly ixpia ur lkl :dxrd

4n ≈ ind olhw 'qn = milr n mr minlyd mivrd 'qn = miixbeqd ixeciq 'qn ,okl
.liri xzei oexzt dvxp - l`ivppetw` lceb xcq lr xaecn

2 oexzt

dpexg`d dlertd .zephwd zeltkdl dpexg`d dltkddn - jetd dirad lr lkzqp
.((M1...Mk) (Mk+1...Mn)) - zevixhn izy ly dltkd `id miyer ep`y

epilr k dfi` .p0pkpn dzelry dltkd `id mirvan ep`y dpexg`d dlertd
?xegal

miixbeqd xeciqa M1, ...Mn zltkdl zeyexcd zelertd 'qn - m (1, n) :oeniq
.ilnihte`d

M1M2... (Mi...Mj)Mj+1...Mn :onqp
-nihte` miixbeq xeciqaMi...Mj zltkdl zeyexcd zelertd xtqn=m (i, j)

.il

m (i, j) =

{
0 i = j

mini≤k≤j−1 {m (i, k) +m (k + 1, j) + pi−1pkpj} j > i

:dgqepd z` aygl ick m (i, j) divwpetd z` xicbp

Mul(i,j)

if i=j return 0

else

x←∞
for k=i to j-1

y←Mul(i,k)+Mul(k+1,j)+pi−1pkpj
if y<x

x←y

return(x)

.Mul (1, n) - diral daeyzd
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dvix onf

n = j − i+ 1 .hlw xear Mul ly dvixd onf = T (n)

T (n) =

{
1 n = 1∑n−1

k=1 [T (k) + T (n− k) + 1] n > 1

T (n) =
n−1∑
k=1

(T (k) + T (n− 1) + 1) =
n−1∑
k=1

T (k) +
n−1∑
k=1

T (n− k) + (n− 1)

T (n) = 2
n−1∑
k=1

T (n) + (n− 1)

T (n− 1) = 2

n−2∑
k=1

T (k) + (n− 2)

T (n)− T (n− 1) = 2T (n− 1) + 1⇒ T (n) = 3T (n− 1) + 1

T (n) ≥ 3T (n− 1) ≥ 32T (n− 2) > ... > 3iT (n− i)

T (n) > 3i

!il`ivppetqw` dvix onf eplaiw oicr

?dirad dn f`

mrtn xzei mikxr mze` xear Mul divwpetd z` miaygn oiicr epgp`y `id dirad
O
(
n2

)
`ed aygl mivexy mixai`d xtqn xac ly eteqayk ,zg`

dxhn

.1 ≤ i ≤ j ≤ n lkl m (i, j) iaeyiga xfrpe m (1, n) z` aygl

in`pic zepkz - oexzt

oiiprn `l (j < i eay)oezgzd yleynde ,qt` `ed oeqkl`d .n×n dvixhna ynzyp
.1n dpita didi oexztd .epze`

xak mda ielz `edy mikxrd lk ,jxr aygl `eap xy`ky dvxp ,in`pic zepkza
dvxp okl ,eizgzne el`nyn mi`vnpy mixai`a ielz eplv` xai` lk .miayegn eidi

.mcew mze` aygl

Mul
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for i=1 to n m(i,i)←0

for diff=1 to n-1

for i=1 to n-diff

j←i+diff

x←∞
for k=i to j-1

y←m(i,k)+m(k+1,j)+pi−1pkpj
if y<x

x←y

s(i,j)←k

m(i,j)←x

dvix onf

oky ,Ω
(
n2

)
e ,minrt n cr dvx zg` lky ze`lel 3 yi oky ,O

(
n3

)
`ed dvixd onf

.dvixhnd ly oeilrd yleynd lk lr uexl miaiig

mkxe` mipeqkl`d lk .
2

3
n zegtl `ed aeyigd onf aeyigd megza xai` xear

.
2

27
n3 ∈ θ

(
n3

)
epl yi k"dq okl .

1

3
n=aeyigd megza mipeqkl`d xtqn .

1

3
n zegtl

miixbeqd xeciq z`ivn

mixgeay mewina ynzydl ozip ,miixbeq ly dwelg bviin dvixhna `z lky oeeikn
.envr xeciqd z` `evnl ick

dnbec

M1 : 3× 100

M2 : 100× 2

M3 : 2× 100

M 1 2 3
1 0 600 1200
2 / 0 20000
3 / / 0
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