
zxekfz

miqgi miniiwnd s, t mixvei 2 i"r zxvepd dxeagd `id I2 (n) zilxcdicd dxeagd
.tst = s−1 ,t2 = e, sn = e

I2 (n) =
〈
s, t : sn = e, t2 = e, tst = s−1

〉
:minyex

htyn

|I2 (n)| = 2n

dgked

.libxz

oeirx

.0 ≤ i < n ,si e` tsi dxevdn `ed I2 (n)a xai` lkl .r.h

i"r dl`ny dlina t ly xzeia zipnid drtedd z` mixiarny i"r z`f migiken
st = ts−1 ⇔ tst = s−1 qgia yeniy

dnbec

n = 6

w = tst3s5ts−2ts2 =

= tstt3s5tts2s2 =

= tst3s9 =

= tst3s3 =

= tsts3 =

= tts−1s3 = s2

2.r.h

tsj 6= si ,tsi 6= sj oke tsi 6= tsj ,si 6= sj 0 ≤ i < j < n lkl
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dpwqn

I2 (n) =
{
si : 0 ≤ i < n

}∐{
tsi : 0 ≤ i < n

}

htyn
G ∼= I2 (p) e` G ∼= Z2p if` .2p xcqn dxeag G ,ipey`x p idi

dgked

.p 6= 2 gipp
.sp = e miiwzne ,s epnqp ,p xcqn xai` Ga yi iyew htyn itl
t2 = e miiwzne ,t epnqp ,2 xcqn xai` Ga yi iyew htyn itl

(!recn)s 6= t :dxrd

.p"gz H okl .('fp`xbl itl)2 dly qwcpi`d .s i"r zxvepd dxeagd H = 〈s〉 onqp

.(p"gz H ike ,2 xcqn t ik)tHt = tHt−1 = H :dpwqn

.(∗)tst = siy jk 0 ≤ i < p miiw ,xnelk .tst ∈ H ,s ∈ Hy oeeikn ,okl
okle sp = e ,t2 = e ,zrk

s = t2st2 = t (tst) t = tsit =

i times︷ ︸︸ ︷
(tst) (tst) ... (tst) = (tst)

i
=

=
(
si
)i

= si
2

si
2−1 = e ⇔ si

2

= s eplaiw

⇒ p|i2 − 1

⇔ i2 ≡ 1 mod p

(∗)l z`f sxvp .i ≡ ±1 mod p ⇐ Zpa x2 ≡ 1 d`eeynd ly oexzt `ed i ,xnelk
tst = s−1 e` tst = s lawpe

st = ts ⇐ tst = s m` •
e = (ts)

k
= tksk miiwnd ilnipind k `ed ts ∈ G xai`d xcq okle

.k = 2p okle pe 2 ly .n.n.k xnelk te s ixcq ly .n.n.k k ⇐
.zilwiv G okle 2p xcqn xai` Ga yi ,xnelk

t2 = ee sp = e mbe tst = s−1 m` •
oke ,l"pd miqgi miniiwnd te s i"r zxvep G f`

G = H
∐

tH =
{
si : 0 ≤ i < p

}∐{
tsi : 0 ≤ i < n

}
.zilxcdic G ,xnelk

Z4 ode dl`k zexeag 2 wx yi ltk ze`lah itle ,4 xcqn G .p = 2 dxwnd xzep
.I2 (2)e
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libxz
I2 (2) =

{
s, t : t2 = e, s2 = e, tst = s−1

}
l e` Z4l zitxenefi` 4 xcqn G 'ag gked

.ltk ze`laha ynzydl `la

dkxcd

.heyt xzei wx ,htynd zgkedl dnec

zexeag ly dxyi dltkn

dxcbd
dveawd `id Be A ly dxyid (zipevigd)dltknd .odylk zexeag A,B dpiidz

A×B := {(a, b) : a ∈ A, b ∈ B}

ltk mr zeveaw ly zifhxw dltkn

∀ (a1, b1) , (a2, b2) ∈ A×B (a1, b1) · (a2, b2) := (a1a2, b1b2)

dcaer
.Be A ly dxyid zipevigd dltknd z`xwpd dxeag `id l"pd dltknd mr A×B

.("zipevig" dlind z` hinyp mizirl)

.libxz :dgked

lynl

eA×B = (eA, eB)

(a, b)
−1

=
(
a−1, b−1

)
(cal cnl - (yexitd)x`yd lke=)xenb lif `yexit jci`e

2 dcaer
(A×B ly g"zl 'fi` xnelk)A×B jeza zepkeyn Be A zexeagd

A ∼= {(a, eB) : a ∈ A} = Ā

B ∼= {(eA, b) : b ∈ B} = B̄
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3 dcaer
:zeniiwn A×B ≥ Ā, B̄ g"z

B̄ E A×B ,Ā E A×B .1

Ā ∩ B̄ = {eA×B} .2

(KL = {kl : k ∈ K, l ∈ L} dxeaga w"z zltkn)ĀB̄ = A×B .3

dgked

.mfitxenit` ϕ .ϕ ((a, b)) = b i"r xcbend ϕ : A × B → B lhida opeazp .1
Ā E A×B okle ,kerϕ = Ā

mfitxenit` `ed ψ ((a, b)) = a i"r xcbend ψ : A × B → A lhidd dneca
.B̄ E A×B okle kerψ = B̄e

.dxcbddn xexa .2

� (a, b) = (a, eB) (eA, b) ∈ Ā · B̄ ,(a, b) ∈ A×B lkl .3

dxcbd
.A,B ≤ G ,'ag G `dz

:m` Be A ly dxyi zinipt dltkn G

B E G ,A E G .1

A ∩B = {eG} .2

AB = G .3

G = A⊗B :oeniq

.Be A ly dxyi t"n G :xvewn aizk

epi`x

.lirl excbed Ā, B̄ xy`k A×B = Ā⊗ B̄ if` ,zexeag A,B

htyn
.A,B ≤ G ,dxeag G `dz

.G ∼= A×B if` G = A⊗B m`
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dnbec

G = Z6

B = 〈2〉 = {0, 2, 4} ,A = {0, 3} = 〈3〉
A,B ≤ Z6 .1

A ∩B = {0} .2

A+B = {0, 2, 4}+ {0, 3} = {0, 2, 4, 3, 5, 1} = Z6 .3

.Z6 = A⊗B o`kn
gikedl mikixv epgp`y htynd itl

Z6
∼= A×B ∼= Z2 × Z3 = ((a, b) : a ∈ Z2, b ∈ Z3)

.6 xcqn xai` (1, 1) ∈ Z2 × Z3 ok`e

htynd zgked

.f ((a, b)) = ab i"r f : A×B → G dwzrd xicbp .l"pk A,B mr l"pk 'ag G `dz

.'ned ,lr ,r"gg f :l"v

.f ((a1, b1)) = f ((a2, b2))y jk (a1, b1) , (a2, b2) ∈ A×B miniiw gipp .r"gg f .1

⇔ a1b1 = a2b2

⇔ a−1
2 a1 = b2b

−1
1

a1 = a2⇐ mi`pzd itl a−1
2 a1 = e⇐a−1

2 a1 ∈ A ∩B f`
(mlyd)b1 = b2 dnec ote`a

jk a ∈ A, b ∈ B miniiw g ∈ G lkl lkl ,G = AB t"n ly 3 i`pz itl .lr f .2
g = ab = f ((a, b))y

.'ned f gikedl xzep .3

ab = ba miiwzn a ∈ A, b ∈ B lkl f` G = A⊗B m` .r.h

aba−1b−1 = e ⇔ ab = ba :.r.h zgked

itl B E G ik aba−1 ∈ Be ,aba−1b−1 =
(
aba−1

)
b−1 la`

.aba−1b−1 ∈ B okle ,b−1 ∈ By oaenk .t"n ly 1 i`pz

.ote` eze`a aba−1b−1 = a
(
ba−1b−1

)
∈ A jci`n

okle ,A ∩ B = {e} t"n ly 2 i`pz itl .aba−1b−1 ∈ A ∩ B okle
.r.h l"yn .ab = ba⇐aba−1b−1 = e

miiwzn (a1, b1) (a2, b2) ∈ A × B lkl :l"v .'ned fy dgkedl xefgp zrk
:ok` .f ((a1, b1) (a2, b2)) = f ((a1, b1)) f ((a2, b2))

f ((a1, b1) (a2, b2)) = f ((a1a2, b1b2)) = a1a2b1b2 = a1b1a2b2 = f ((a1, b1)) f ((a2, b2))

�

5



htyn
.dly `eliq-p g"z ly dxyi g"nl zitxenefi` G .ziteq zila` dxeag G `dz

.mipey miipey`x minxeb ly zewfg ly dltknl wexit |G| =
m∏
i=1

pki
i m` :xnelk

:if` ,G ly `eliq-p g"z Hpi 1 ≤ i ≤ n dpiidz

G ∼= Hp1 ×Hp2 × ...×Hpm

dxrd

(?recn)Ga dcigi `eliq-p g"z yi f` ,G xcq z` wlgnd ipey`x p ,zila` G m`

dpwqn
G ∼= Zp1 × f` ,mipey miipey`x ly dltkn p1p2 · · · pm xcqn zila` dxeag G m`

Zp2 × ...× Zpm

dgked

lirlc htynd itl

G ∼= Hp1 × ...×Hpm

Hpi ∼= Zpi okle pi ipey`x xcqn 'ag |Hpi| = pi 1 ≤ i ≤ m lkl la`

dnbec
G ∼= Z2 × Z3 dpwqnd itl .G xcqn zila` 'ag G •

G ∼= Z3 × Z5 × Z7 .105 xcqn 'ag G •

.'eke 'eke
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