
10 d`vxd - mitxbd zxez2012 x`epia 8 dx
bd.sxb G = (V, E) `di.driav-k z`xwp f : E → {1, .., k} 'wpet.mipey mirav yi szeyn 
w
w odl yiy zerlv izy lkl m` dxyk z`xwp driav-k:`ed G sxb ly driavd qw
pi`
i (G) = min {k : there is a kosher k-coloring of G} 1 d
aer.zilniqwn dbx
 ∆(G) xy`k i (G) ≥ ∆(G) ,G iteq sxb lkldx
bd.i (G) > ∆(G) mizrl.∆(G) = 2 ,i (G) = 3 ,ibef i` jxe`n lbrna ,lynllibxz.dze` gikedle zillk dgqep wiqdl dqp .n ≤ 7 xear i (Kn) ayg2 htyn.i (G) = d f` ixlebx-d i

v e
 sxb G m`2 htyn zgked.1 d
aer itl i (G) ≥ d ,ziy`x.Ga mirav d-a dxyk zerlv zriav zniiw gikedl witqn .i (G) ≤ d l"v1 xfr zprh.∣∣V 1
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∣
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2 xfr zprh:miiwzn A ⊆ V 1 lkl
|NG (A)| ≥ |A| dgked

NG (A)a zelgd zerlvd 'qn ≥ NG (A)l A oia zerlvd 'qn dfe ,|A| · d `ed Aa zelgd zerlvd 'qn.d · |NG (A)| =:eplaiw
|A| · d ≤ |NG (A)| · d

|A| ≤ |NG (A)| htynd zgked jynd.miiwzn led i`pz ,2 xfr zprh itl.Ga V 2l V 1n `ln je
iy miiw ,led htyn itl.(G ly mi
w
wd lka lg xnelk) mlyen je
iy `ed df je
iy ,1 xfr zprh itl,d rava G ly mlyend je
iyd zerlv z` ravp .szeyn 
w
w oi` je
iya zerlv 2 lkl ,zex
bd itl.sxbdn oze` hinypem` .ixlebx-(d− 1) v"e
 sxb lawp .1-a z
xei 
w
w lk zbx
 mlyen je
iydy oeeikn .v"e
 sxb lawprava eizerlv z` ravp ,xzepd sxba mlyen je
iy miiw ,2e 1 r.h zeniiwzn zxg`e ,epniiq d− 1 = 0.l"yn ,ixlebx-0 sxb lawpy 
r dlilg xfege ,d− 1:gikedl ozip (mkgezn xzei j`) dne
 ote`a3 htyn.i (G) = ∆ (G) ,G i

v e
 sxb lkllibxz:G sxb lkl
∆(G) ≤ i (G) ≤ 2∆ (G)− 1.G i
w
w md eizerlve G ly zerlvd md ei
w
wy sxb ,L (G) - ew sxba miynzynd
aer.i (G) = χ (L (G))

Vizing - bpifie htyn:G iteq sxb lkl
∆(G) ≤ i (G) ≤ ∆(G) + 1
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mitxbd zxeza oeviw zeiraoxeh ziirae miiaxin mitxb
eqi ziirazzk F z` likn epi`y n x
qn heyt sxba zerlv ly ilniqwnd xtqnd z` `vn ,F sxb ozpida.sxb.F -rpnp sxb `xwp F z` likn `ly sxb:dveawa F z` silgp mizirl
F̄ = {F1, F2, ..}.sxb zzk F ∈ F̄ mitxbdn 
g` `l s` likn epi` m` F̄ rpnp sxbdira.F rpnpy n x
qn heyt sxba zerlv ly 'qwn 'qn `vnrpnp iaxin sxb `xwp ilniqwn eizerlv 'qny n x
qn F rpnp heyt sxbe ex (n, F )a df xtqn onqp.Fdnbe
.F = K2 .1.ex (n, K2) = 0.wix sxb `ed K2 `ll iaxin sxb.F = P3 .2.ex (2n, P3) = n.ex (n, P3) =

⌊

n
2

⌋.F̄ = {Ck : k ≥ 2} .3.ur `ed milbrn `ll iaxin sxb - ex (n, Ck) = n− 1.F̄ = {C2k+1, k ≥ 1} .4dprh.ex (n, F̄ )

=
⌊

n2

4

⌋.Kn

2
, n

2
ixhniq i

v e
 sxb `ed iaxnd sxbddgked.(xara epgkedy dprh itl) i

v e
 sxb `ed ⇐⇒ ibef i` jxe`n milbrn `ll `ed sxb.n x
qn heyt i

v e
 sxba zerlv ly ilniqwnd 'qnd = ex

(

n, F̄
) ,okl.m · (n−m) eizerlv 'qne Km,n−m `ed okl ,`ln `ed iaxind sxbdy xexa.(n

2
− x

)

·
(

n
2
+ x

)

= n2

4
−x2 `ed zerlvd 'qn f`e Kn

2
+x, n

2
−x `ed sxbd f`e ,x = n

2
−m onqp.x = 0 xy`k lawzn 'qwn ,ibef n m`.x = 1

2
xy`k lawzn 'qwn ,ibef i` n m`

ex
(

n, F̄
)

=

{

n2

4
n is even

n2

4
− 1

4
=

⌊

n2

4

⌋

n is odd oxeh ziira.ex (n, F̄) z` `vn
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oxeh htyn ly ihxt dxwn
ex (n, C3) =

⌊

n2

4

⌋ .ixhniq i

v e
 sxb `ed iaxn sxbihxtd dxwnd zgked:d`ad dprhd z` ,zn
ewd dprhd itl ,gikedl witqnxfr zprhmiiwn eizerlv 'qny x
q eze`n H heyt i

v e
 sxb miiw n x
qn heyt G miyleyn `ll sxb lkl.|E (H)| ≥ |E (G)|xfrd zprh zgked.G i
w
w 'aw V `dz:xnelk ,zilniqwn dbx
 lra Ga 
w
w x ∈ V idi
∀v ∈ V dG (x) ≥ dG (v) .x ly mipkyd 'aw W `dz.V \W e W ei

vy `ln i

v e
 H sxb xi
bp:miiwzn u ∈ V \W lkl

dH (u) = |W | = dG (x) ≥ dG (u)did f` ,W jeza v oky ul did m`e milbrn `ll G ik NG (u) ⊆ V \W miiwzn ,u ∈ W 
w
w lkl.u− v − x yleyn:miiwzn u ∈ W lkl okl
dG (u) = |NG (u)| ≤ |V \W | = dH (u) miiwzn u ∈ V 
w
w lkl okl

dH (u) ≥ dG (u) okle
|E (H)| =

1

2

∑

u∈V

dH (u) ≥
1

2

∑

u∈V

dG (u) = |E (G)| dx
bdm` i

v-r sxb G = (V, E)

V =

r
⊔

i=1

V i.
v eze`n mi
w
w 2 oia rlv oi`e (mi

v) zeveaw r ly xf 
egi`.rlv yi mipey mi

va mi
w
w 2 lk oia m` `ln `ed i

v-r sxbmiiwzn 1 ≤ i ≤ r 
v lkl m` ixhniq `ed `ln i

v-r sxb
∣

∣V i
∣

∣ ∈

{⌊

|V |

r

⌋

,

⌈

|V |

r

⌉}.n x
qn ixhniq `ln i

v-r sxb `ed T (n, r) oxeh sxb:T (5, 3) ,dnbe
l
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1

2 3

4 5od zeveawd df dxwna
V 1 = {1}

V 2 = {2, 3}

V 3 = {4, 5} oxeh htyn.iaxn Kr+1 rpnp sxb `ed T (n, r) sxbddxrd.miyleyn `ll sxb xear htynd ly dllkd efoxeh htyn dgked1 xfr zprh.n x
qn Kr+1 rpnp heyt sxb G idi.dH (v) ≥ dG (v) miiwzn v 
w
w lkly miiwnd H mi
w
w zveaw dze` lr heyt i

v-r sxb miiw1 xfr zprh zgked.r lr divwep
i`a gikep.eil`n oaen df r = 1 m`.G ly mi
w
wd 'aw V `dz.zilniqwn ezbx
y 
w
w x ∈ V `di.dG (x) ≥ dG (v) miiwzn v ∈ V 
w
w lkl ,`"f.W = NG (x) `dz.Kr rpnp W i"r dxyend sxbd zz ,okl .Kr+1 rpnp G sxbd ,al miyp.v ∈ W lkl dH0
(v) ≥ dG|W (v) miiwny W lr H0 i

v-(r − 1) sxb yi ,divwe
pi`d zgpd itl.H0a mi

vd (r − 1)e V \W ei

vy `ln i

v-r sxb H `di:miiwzn:v ∈ V \W lkl

dH (v) = |W | = dG (x) ≥ dG (v) :v ∈ W lkl
dH (v) = dH0

(v) + |V \W | ≥ dG|w (v) + |V \W | ≥ dG (v).1 xfr zprh l"yn ,v ∈ V lkl oekp df okl.`ln i

v-r `edy Kr+1 `ll iaxn sxb yi ,1 xfr zprh itl:ze`xdl xzep2 xfr zprh.T (n, r) `ed zerlv ly 'qwn 'qn lra n x
qn heyt `ln i

v-r sxb
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2 xfr zprh zgked.T (n, r) epi`y n x
qn heyt `ln i

v-r sxb G idi.mi

vd il
b m1, m2, ..., mr eidi.mi −mj > 1y jk i 6= j mi

v miniiw okl ,ixhniq epi` `ed f` T (n, r) epi` G m`.`ln sxbd z` xi`ype i 
vl j 
vn 
w
w xiarp:a dpzyd zerlvd 'qn
(mi − 1) (mj + 1)−mimj = mimj +mi −mj − 1−mimj

= mi −mj − 1 > 0.htynde 2 xfr zprh l"yn ,iaxin `l G o`kn ,l
b zerlvd 'qn xnelk
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