
iyew ihtyne p zexeag

p zexeag - dxcbd
(p0 = 1 dpi`y)p ipey`x ly dwfg dxcqy dxeag `id p zxeag

1 htyn
(|Z (G)| > 1 `"f)il`ieeixh `l fkxn yi G p zxeagl

dgked

zewlgnd z`eeyn itl .irah n ,ipey`x p ,pn dxcqy dxeag G `dz

|G| = |Z (G)|+
l∑

i=1

|conj (xi)|

1n lecb xcqn zecinv zewlgn ibivp x1, ...xl xy`k

|Z (G)| = |G| −
l∑

i=1

|conj (xi)|

.irah n ,|G| = pn dgpdd itl p| |G|
z` epxga .∀1 ≤ i ≤ l |conj (xi)| | |G| = pn mcew xeriyn htyn itl ,jci`n
0 < k ≤ xy`k |conj (xi)| = pk ⇐ 1 < |conj (xi)| ,1 ≤ i ≤ l lkly jk xi

okl p| |G| epi`xd la` p|
∑l

i=1 |conj (xi)| ⇐ 1 ≤ i ≤ l lkl p| |conj (xi)| ⇐ n
1 ≤ |Z (G)| okl e ∈ Z (G) cinz .p| |Z (G)| ⇐ p| |G| −

∑
|conj (xi)| = |Z (G)|

.ipey`x p idi p ≤ |Z (G)|⇐

zxekfz
.zilwiv `id p xcqn dxeag

2 htyn
.zila` `id p2 xcqn dxeag

dxrd

xeaig Fp)Fp lrn 2 cninn ixehwe agxn `nbecl .zeilwiv opi`y p2 xcqn zexeag yi
.(dcy Fp ,{0, 1, 2, ...p− 1} ly p elecen ltke
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2 htyn zgked

.p2l e` pl deey |Z (G)| ,1 htyn itl .p2 xcqn dxeag G `dz l"pk ipey`x p `di

.|Z (G)| = py dlilyd jxca gipp .zila` G okle G = Z (G) f` |Z (G)| = p2 m`
:G/Z(G)a opeazp .Z (G) E G cinz

|G/Z(G)| = [G : Z (G)] =
|G|

|Z (G)|
=

p2

p
= p

.zilwiv G/Z(G) okle
.G/Z(G) = 〈x〉 =

{
xk : 0 ≤ k < p

}
(∗) `"f .G/Z(G) ly xvei x `di

x = gZ (G)y jk g ∈ G miiw okl ,x ∈ G/Z(G)

(∗) =
{
(g · Z (G))

k
: 0 < k < p

}
=

{
gkZ (G) : 0 < k < p

}

G =
p−1∐
k=0

gkZ (G) dpwqn

xnelk ,0 ≤ k < p edyfi`l gkZ (G) zewlgnd zg`a weica `vnp xai` lk okl
.a = gkzy jk z ∈ Z (G) miiw ⇐ a ∈ gkZ (G)

,0 ≤ k2 < p ,z1 ∈ Z (G) ,0 ≤ k1 < p miniiw a2, a2 ∈ G mixai` bef lkl ,zrk
f`e a2 = gk2z2 ,a1 = gk1z1y jk z2 ∈ Z (G)

a1a2 = gk1z1g
k2z2 = gk1gk2z1z2 = gk1+k2z1z2

= gk2+k1z2z1 = gk2gk1z2z1 = gk2z2g
k1z1 = a2a1

2 htyn epgked
:wiqdl xyt` lirlc dgkeddn .zila` G f` p2l deey G xcq m`

libxz
p ipey`x edfi` xear ,|G/Z(G)| = p okzii `l .dxeag G `dz

.15 xcqn dxeag G `dz :dnbec divaihen

dl`y
?1, 3, 5, 15 mixcqn g"z zeniiw ok` m`d

daeyz

1, 15 okle dnvr Ge {e} zil`ieixh g"z zeniiw cinz
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iyew htyn
.p xcqn xai` miiw if` p| |G| m` .ipey`x p .ziteq dxeag G `dz

dpwqn

dgked) .mxcqn g"z zniiw if` ,miipey`x i"r wlgzn dxcqe ,ziteq dxeag G m`
.(libxz -

iyew htynn dpwqn
(p0 mb xzen :dxrd)p ly zewfg md dixai` ixcq m"n` p zxeag G

dgked

o (G) | |G| ziteq G xy`k g ∈ G lkl 'fpxbl htyn it lr .p zxeag G gipp ⇐
lk ixcq ⇐ .ipey`x p xy`k ∀g∈Go (g) | |G| = pn eply dxwna okle

.p ly zewfg md mixai`d

.dlilyd jxc lr gikep .p ly zewfg G ixai` lk ixcq ⇐
htyn itl f`e q| |G|y jk p epi`y ipey`x q miiw if` ,p zxeag `l G m`

.dgpdl dxizqa ,1 xcqn xai` Ga miiw ,iyew

dnl
.ϕ : G → S (X) 'ened miiw xnelk .X dveaw lr zlret Gy gipp .p zxeag G `dz

xnelk .ef dlertl qgia zayd 'wp zveaw X0 `dz

X0 := {x ∈ X : ∀g∈Gϕ (g) (x) = x}

(x ∈ X0 ⇔ Stx = G ,zexg` milina)
X0 ≡ |X|mod p miiwzn if`

dnbec

.dcnvd i"r X = G lr zlert .p zxeag G

X0 = {x ∈ G : ∀g∈Gϕ (g) (x) = x} =
{
x ∈ G : ∀g∈Ggxg

−1 = x
}
= {x ∈ G : ∀g∈Ggx = xg} = Z (G)

ihxt dxwn ,1 htyn xnlk p| |Z (G)| ⇐ |Z (G)| − |G|mod p = 0 dnldn eplaiw
.dnld ly

dnld zgked

wlgp .milelqnd lk ly xf cegi` X f` ,X lr zlret G m` ,xary xeriya epi`xd
.1n lecb xcqne 1 xcqn milelqn :mibeq ipyl milelqnd z`

xcqn milelqnd lk ibivp xk+1, ...xl ,1 xcqn milelqnd lk ibivp x1, ...xk eidi

|σ (xi)| = 1 al miyp .|X| =
k∑

i=1

|σ (xi)|+
l∑

i=1

|σ (xi)| ⇐ X =
l∐

i=1

σ (xi) eplaiwe 1 <

∀g ∈ G σ (xi) = {xi} m"n`
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|X| = |X0|+
l∑

i=k+1

|σ (xi)| okle
k∑

i=1

|σ (xi)| = |X0| :dpwqn

okle ,p zxeag G .|σ (xi)| | |G| htyn itl ,ok enk . epgpd k < i ≤ l lkl la`
okle p| |σ (xi)| f` 1 < |σ (xi)| m`e ,ilily i` mly k edyfi`l |σ (xi)| = pk i lkl

|X| = |X0|mod p ⇐ p|
l∑

i=k+1

|σ (xi)|

iyew htyn
.p xcqn xai` Ga yi ⇐ p| |G| ,ipey`x p ,ziteq dxeag G `dz

dgked

X = {(g1, g2, ...gp) : ∀igi ∈ G, g1 · · · gp = e} dveawa opeazp

g2g3 · · · gpg1 = e f` g1g2 · · · gp = e m` ,al miyp :xfr zprh

g2 · · · gpg1 = g−1
1 (g1 · · · gp) g1 = g−1

1 eg1 = g−1
1 g = e :xfr zprh zgked

gr+1gr+2 · · · gpg1g2 · · · gr = ,1 ≤ r < p lkly xfrd zprh ly zxfeg dlrtd i"r raep o`kn
e

(gr+1, gr+2, ...gp, g1, ...gr) ∈ X

∀r∈Zpϕ (r) (x1, ...xp) = (xr+1, ...xp, x1, ...xr) i"r X lr Zp ly dlert xicbp
|X| = {(g1, ...gp) : ∀igi ∈ G, g1 · · · gp = e} la` ,|X0| = |X|mod p dnld itl

lawl ick gp = (g1 · · · gp−1)
−1 xegal miaiig g1, ...gp−1 ly ziyteg dxiga lkl

Xa dxcq

p| |G| htynd zgpd |X| = |G|p−1 okle (1)

p| |X| okle (2)

.p| |X0| ⇔ |X0| = 0 mod p ⇐ (2)+(1)
xai` .(e, e, ...e) epi`y X0a xai` yi xnelk ,p ≤ |X0| okle (e, e, ...e) ∈ X0 la`
ϕ (r) (x1, ...xp) = (xr+1, ...) (x1, ...xp) ,∀rxr+1 = x1 1 ≤ r < p lkl miiwn dfk

xai` yi ⇐ (x, x, ...x) ∈ X ik xp = e ok enke (x, x, ...x) dxevdn xai`d okle
.(p xcqn xai` `ed x)xp = ey jk x ∈ G
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