
5 d`vxd - mitxbd zxez2011 xanaepa 27 w`xi htyn.n xqn heyt sxb G idi.(ipehlind lbrn Ga yi `.f) o`ipehlind G f` δ (G) ≥ n
2
m`daeyg dxrd.igxkd epi` i`pzd.o`ipehlind Cn z`f zexnl .δ (cn) = 2 < n

2
- n ≥ 5 xear Cn lbrn sdnbeldgked.n xqn sxb G idi.V = {v1, ..., vn} `id eiww zveaw ,k"da:`id eiww 'awy Gk sxb xibp k ≥ 0 lkl

V (Gk) = V (G) ∪ {p1, ..., pk} = {v1, .., vn, p1, ..., pk} :eizerlv zveawe
E (Gk) = E (G) ∪

{

(vi, pj) |
1 ≤ i ≤ n

1 ≤ j ≤ k

} :`ed G m` :dnbel
v1 v2

v3 v4:`ed G1 eli`e G0 = G f`
p1

v1 v2

v4v3 daer:ik ,o`ipehlind Gn ,n xqn G sxb lkl
v1p1v2p2v3p3...pn−1vnp1v1 .ipehlind lbrn
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dgkedd jynd.δ (G) ≥ n
2
mr n xqn heyt sxb G idi.k0 = min {k ≥ 0 : Gk is Hemiltonian} onqp .o`ipehlind Gn ,lirl deard itl.miiw `ed okl k0 ≤ n ,daerd itl.k0 = 0 ⇐⇒ o`ipehlind G ,dxbdd itl ,xexa.k0 > 0y dlilya gipp:al miyp.n+ k0 `ed Gk0

xq.degGk0

(vi) = degG (vi) + k0 ≥ n
2
+ k0 ,vi ∈ V (G) ww lkl.ipehlind lbrn yi Gk0

a.V (G)l jiiy p1 iptl wwd .p1 jx xaer df lbrn.V (G)l jiiy p1 ixg` wwd:`ed lbrnd k"da ,(ipehlind `ed ik) lbrna eixg`y wwdn dpey lbrna p1 iptl wwd
v1p1v2....v1.x ixg` in riten y `.f ,lbrna zekinqa miritend Gk0

a miww ipy x, y eidixfr zprh.v2 ly oky epi` y f` v1 ly oky x m`dgked:lbrnd f` ,v2 ly oky ye v1 ly oky x gipp
v1x...v2y...v1

Gk0−1a ipehlind lbrn xnelk ,(mew epxbdy lbrna miynzyn) p1a yeniy ila ipehlind lbrn `ed.r.h l"yn ,k0 ly zeilnipinl dxizq ,o`ipehlind Gk0−1 oklexfrd zprhn dpwqn.v2 ly "oky `l" riten v1 ly oky lk ixg`.v2 "ipky `l" 'qn ≥ v1 ipky 'qn o`kn ,v2 "ipky `l" jezl v1 ipky jezn r"gg dn`zd yi ,xnelk.degGk0

(v1) `ed v1 ipky 'qn okl ,heyt Gk0
sxbd.n+ k0 − degGk0

(v2) `ed v2 ipky `l 'qn:eplaiw
n+ k0 − degGk0

(v2) ≥ degGk0

(v1)

n+ k0 ≥ degGk0

(v1) + degGk0

(v2)

≥
n

2
+ k0 +

n

2
+ k0

= n+ 2k0 eplaiw
n+ k0 ≥ n+ 2k0

k0 ≤ 0 .k0 > 0y jkl dxizq efemiixeyin mitxbdxbd:dwzrd yi m` (R lrn inin d ixehwe agxn) Rda oekiyl ozip G = (V, E) sxb
ϕ : V (G) → R

d

ϕ : E (G) →miwwd zepenz odizevwy R
da zeliqn(invr jezig `ll zetivx zenewr = R
da zeliqn)wwa zekzgp f`e szeyn ww zerlvl k"``) df z` ef zekzeg opi` zerlv izy zepenz lky jk.(df2



ze`nbe.(zerlv jezig `ll) R1a oekiyl mipzipd mitqep mitxb oi` .R1a Pn dliqn okyl ozip .1dxrdzerlv ly il`ieeixh `l jezig `ll oekiy `ed (aeh oekiy el `xwp mizrl) oekiy mzq ,df qxewa.(szeyn wwa jezig = il`ieeixh jezig)libxz.R3a (aeh) oekiyl ozip (heyt `wee e`l) iteq sxb lkhtynly mirhw eizerlv lky jk (zerlv ly il`ieeixh `l jezig `ll) R3a oekiyl ozip heyt iteq sxb lk.mixyidgked.n xqn heyt jxb G idi:k"da
V = {v1, ..., vn} :i"r ϕ : V (G) → R

3 dwzrd xbp
ϕ (vi) =

(

i, i2, i3
) :onwlk ewzrei zerlvde

(vi, vj) → [ϕ (vi) , ϕ (vj)] .yl x oia xyid rhwd [x, y] xy`kjezigd ,szeyn ww mr zerlv bef lkly xexa ,zg` 'wp xzeid lkla mikzgp mixyi ipyy oeeikn.ala szeynd wwa didi.ϕ (e1) ∩ ϕ (e2) = ∅ f` szeyn ww `ll Ga zerlv e1, e2 m`y gikdl witqn ,okl.nl 1 oia mipey 'qn ly diiriax i, j, k, m ,`"f ,Ga zexf zerlv (vi, vj) , (vk, vm) dpiidz
ϕ (vi, vj) = {ϕ (vi) + t (ϕ (vj)− ϕ (vi)) : 0 ≤ t ≤ 1}

= {tϕ (vj) + (1− t)ϕ (vi) : 0 ≤ t ≤ 1}

ϕ (vk, vm) = {sϕ (vk) + (1− s)ϕ (vm) : 0 ≤ s ≤ 1}:miiwzn i, j, k, m mipey 'qn ly diiriax lkly gikedl witqn
{tϕ (vi) + t (ϕ (vj)− ϕ (vi)) : 0 ≤ t ≤ 1} ∩ {sϕ (vj) + (1− t)ϕ (vi) : 0 ≤ t ≤ 1} = ∅:miiwzny jk t, s ∈ [0, 1] miniiw f` ,oekp `l dfy gipp .dlilyd jx lr gikep

tϕ (vi) + (1− t)ϕ (vj) = sϕ (vk) + (1− s)ϕ (vm)

t
(

i, i2, i3
)

+ (1− t)
(

j, j2, j3
)

= s
(

k, k2, k3
)

+ (1− s)
(

m, m2, m3
)

t
(

1, i, i2, i3
)

+ (1− t)
(

1, j, j2, j3
)

= s
(

1, k, k2, k3
)

+ (1− s)
(

1, m, m2, m3
):mitb` xiarp

t
(

1, i, i2, i3
)

+ (1− t)
(

1, j, j2, j3
)

− s
(

1, k, k2, k3
)

+ (s− 1)
(

1, m, m2, m3
)

= 0:mixehwed oia zix`pil zelz epl yi okl 0 md minwnd lk `le l"v yi l`ny sb`a
(

1, i, i2, i3
)

(

1, j, j2, j3
)

(

1, k, k2, k3
)

(

1, m, m2, m3
)
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:xnelk ,zixlebpiq `id dizexey el`y dvixhnd okl
∣

∣

∣

∣

∣

∣

∣

∣

1 i i2 i3

1 j j2 j3

1 k k2 k3

1 m m2 m3

∣

∣

∣

∣

∣

∣

∣

∣

= 0:l deey `ide dpen-x-oe zhppinxh ef la`
(i − j) (i− k) (i−m) (j − k) (j −m) (k −m)ebipa ,mipey mixtqn 4 ly dpi` i, j, k, m diiriaxdy xnelk 0= mxeb da yi ⇐⇒ 0l deey ef dltkn.dxizq ,dgpdl.oekp htynd ,oklmitxb ly zeifhxw zeltkndxbd:`id eiww 'awy sxbd `id G×H zifhxwd dltknd ,G, H miheyt mitxb ipy ozpida

V (G×H) = V (G)× V (H) = {(u, v) | u ∈ V (G) , v ∈ V (H)} :eizerlv 'awe
E (G×H) =







((u1, v1) , (u2, v2)) :
u1 = u2 ∧ (v1, v2) ∈ E (H)

or
(u1, u2) ∈ E (G) ∧ v1 = v2





 daer
degG×H (u, v) = degG (u) + degH (u) dnbe

G = H = K2 :if`
G =

u 1

u 2 ,H =

v1

v2:`ed G×H f`e
u1,  v1 u1,  v2

u2,  v1 u2,  v2okl
K2 ×K2

∼= C4 ztqep dnbe
Kx3

2 = K2 ×K2 ×K2
∼= C4 ×K2 .diaew ef
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dxbd:`id eiww 'awy sxb `id Hn zinn-n diaew
{v | v ∈ Z

n
2 } .Z2 lrn inn-n e"na mixehwed lk.ala g` xai`a milap m` mipky mixehwe ipydxbd.{1, ..., n} ly zeveawd izz lk zveaw `id eiww 'awy sxbd `ed Bn ip`lead sxbd.|B| = |A|+ 1e A ⊆ B m` zepky A, B w"z izylibxz:irah n lkl

Kxn
2

∼= Hn
∼= Bnzeifhxw zeltknl zetqep ze`nbe:P5 × P2 dnbel .mleq sxb - Pn × P2.(grid) bixy - Pn × Pn.xpiliv ,lilb - Pk × Cm:C3 × C3 ,lynl .qexeh oirn - Cm × Cn
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