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1. Let E be a normed space and X C E. Recall that a function f: X — R is continuous
if for any sequence x,, — x in E we have f(x,) — f(x). Prove that a function f is
continuous if and only if for any # € F and any £ > 0 there exists § > 0 such that

VyeE, lz—yll<d = |f(x) - fly)l <e.

2. A function f: X — E is called uniformly continuous if for any & > 0 there exists § > 0
such that
YeeE VyeE |[e~-y|| <d = |flz)— fly)| <e
It is clear that a uniformly continuous function is continuous.
3. (a) Let K C E be a compact set and f: K — R is a continuous function. Prove that

[ is uniformly continuous.
(b) Give an example of a continuous, but not uniformly continuous function f: R — R.

4* (Bonus problem for extra credit). Consider the space C]0, 1] of continuous functions
f:10,1] —» R with the norm

[flloo = 2 /(@) = max |f(2)]

Prove that if lim, o fu(x) = f(x) for all z € [0,1] and {f,}n>1 is a Cauchy sequence in
C'[0,1], then f is a continuous function.

Hint: use Exercise 3(a) and the Cauchy property to show that for any £ > 0 there exist
N € N and 4 > 0 such that

Vn>N,VeeE, VYyekE |t—yl<d = |fule) - fuly)| <e.

Then let n — oco.



