
1 htyn
xcqn xai` g ,xnelk)o (g) = exp (G)y jk g ∈ G idi .zila` p-zxeag G `dz

G = 〈g〉 ⊕ Ly jk L E G g"z zniiw if` .(iliniwqn

zhnyen - dgked

2 dpwqn
.zeilwiv zexeag ly dxyi zipevig dltknl zitxenefi` zila` p-zxeag lk

dgked

G ∼=⇐G = A⊗ B lr minkzqn]G ∼= 〈g〉 × Ly jk L ≤ G zniiw - 1 htyn it lr
[A×B

.zilwiv 'ag 〈g〉 ,Ga ilniqwn xcqn xai` g xy`k
1 < o (g)e]|G| = o (g) |L| ik ,G xcqn ohw xcqn ('fpxbl htyn it lr)p-zxeag L

.[G = {e} zxg`
L = 〈g2〉 ⊗ L2y jk L ≥ L2 zniiw f`e ,L 3 g2 ilniqwn xcqn xai` La ytgp
� .1 xcqn Lk g"z lawpy cr dlilg xfege ,G ∼= 〈g〉 ⊗ L ∼= 〈g〉 × 〈g2〉 × L@ okle

3 htyn :epgked mcewd xeriya
.dly `eliq-p g"z ly dxyi zipevig dltknl zitxenefi` ziteq zila` dxeag lk

zeiteq zeila` zexeagl iceqid htynd :wiqp
qiqad htyn
zexeagl
zeiteq zeila`

zeilwiv zexeag ly dxyi zipevig dltknl 'fi` ziteq zila` dxeag lk (1
.ipey`x zwfg oxcqy

.minxebd xcq ick cr cigi dfd wextd (2

dgked

2 dpwqn+3 htyn (1

m` .dxeagd ixa` ly mixcqd zebltzd lr xney mfitxenefi` oeirx (2
ly mixcqd zebltd f` (xcq ick cr wx `l)mipey miwexitd

.dpey mixai`d

dnbec
.Z4 × Z4 6∼= Z4 × Z2 × Z2 d`xd

:zexeaga izya miixyt` mixcq .4 .tqw` zexeaga izyl .mixai` 16 zexeagd izya

Z4 × Z4 Z4 × Z2 × Z2

1 1 1
2 3 7
4 12 8
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dpwqn

Z4 × Z4 6∼= Z4 × Z2 × Z2

libxzl dnbec
18 xcqn zeila` zexeag oiin

daeyz

:xy`k ,H2 ×H3l zitxenefi` 18 xcqn G okl ,18 = 2× 32

.G ly `eliq-2 g"z H2 •

.G ly `eliq-3 g"z H3 •

.Z2l 'fi` okle 2 xcqn H2

:l 'fi` okle 9 xcqn H3

e` Z9l 'fi` H3 okle ,
Z32 (2)

Z3 × Z3 (1, 1)
ody ,2 ly zewelg itl .9 = 32 ,ziy`x

eplaiw k"dqae ,Z3 × Z3l

exp
6 Z2 × Z3 × Z3

18 Z2 × Z9

.zeitxenefi` opi` okle dpey odizy ly jixrn

:`apd libxzd it lr oaei "aiaqd htyn" iepikd

libxz
mr zeiteq zeila` zexeag xear ,zeila` zexeagl iceqid htynd z` zexiyi gked

.p ipey`x jixrn

dgked

G d`xp .zila` G oezp .o (g) = p ,e 6= g ∈ G lkl f` ,ipey`x p ,exp (G) = p m`
.Fp lrn ixehwe-agxn

(xeaig xeza mixehwe ltk yxtpe)xg := gx ,g ∈ G xehwe lkle x ∈ Fp lkl xicbp
,x1, x2 ∈ Fp okle .oezp df .zila` dxeag `id mixehwed zveaw :miiwn e"n

g ∈ G

(x1 + x2) g = gx1+x2 = gx1gx2 = x1g + x2g

:g1, g2 ∈ G ,x ∈ Fp lkl oke

x (g1 + g2) = (g1g2)
x
= gx1g

x
2 = xg2 + xg2
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.qiqa yi Fp lrn G e"nl zix`pil dxabl`a epcnly dn itl
y jk x1, ...xd ∈ Fp miniiw g ∈ G lkly jk g1, ...gd ∈ G miniiw ,xnelk

g =
d∑

i=1

xigi = gx1
1 gx2

2 · · · gxd

d ∈ 〈g1〉 〈g2〉 · · · 〈gd〉

eplaiw

G = 〈g1〉 〈g2〉 · · · 〈gd〉

.(zila` G ik)〈gi〉 E G ,1 ≤ i ≤ d lkl ,oaenk

.(qiqad ly zix`pil zelz i`)∀ixi = 0 ⇐
d∑

i=1

xigi = 0 ,seqal

.qt` mincwnd lk xxeb xi0di0 =
∑
i 6=i0

xigi ,1 ≤ i0 ≤ d lkl :l lewy df

.qt` mincwnd lk xxeb g
xi0
i0

= gx1
1 · · · gxi0−1

i0−1 g
xi0+1

i0+1 · · · gxd

d :l lewy

{e} = 〈gi0〉 ∩ 〈g1〉 〈g2〉 · · · 〈gi0−1〉 〈gi0+1〉 · · · 〈gd〉

:epi`xd mekiql

G =
d⊕

i=1

〈gi〉

� .zeilwiv zexeag ly dxyi g"nl zitxenefi` G okle

.e"n ly "cnin" xyend z` lilkn `ad byend

dxcbd
.Gl mixvei ly ilnipind xtqnd `ed (zila` `weec e`l)G dxeag ly dbxc

:xnelk

rank (G) : min {|A| : A ⊆ G, 〈A〉 = G}

ze`nbec
.zilwiv G m"n` rank (G) = 1 (1

(Z2 × Z9
∼= Z18 ik)rank (Z2 × Z9) = 1 (2

e"n m` iedifl ozip .(Z3
2 = Z2×Z2×Z2 :dxrd)rank (Z2 × Z2 × Z2) = 3 (3

(F2 lrn 3 cninn
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libxz

Zp1 × Zp2 × ...× Zpd
∼= Zp1p2···pd

if` ,mipey miipey`x p1, p2, ...pd m`

ze`nbec jynd

.2 < n xear rank (Sn) = 2 (4

τ = (1, 2) , σ = :dkxcd)2 lcebn mixvei ly dveaw Snl yiy d`xd :libxz
(Sn = 〈τ, σ〉 d`xd .(1, 2, ...n)

dxcbd
.rank (G) < ∞ m` ziteq zxvep G dxeag

ziteq zexvep zeila` zexeagl iceqid htynd
zexeag ly dxyi zipevig dltknl zitxenefi` ziteq zxvep zeila` dxeag lk .1

.Zl 'fi`y e` ipey`x zwfg oxcqy zeilwiv

.minxebdd xcq ick cr cigi dfd wexitd .2

ze`nbec
Z× Z .1

Z .2

Z× Z24
∼= Z× Z3 × Z8 .3

1 dprh
ziteq zxvep dpi` Q

1 dgked

.Q = 〈q1, q2, ...qd〉y jk q1, q2, ...qd ∈ Q miniiw xnelk .ziteq zxvep Q gipp

.qi =
ai

bi
y jk ai, bi ∈ Z miniiw 1 ≤ i ≤ d lkl

y jk n1, ...nd ∈ Z miniiw q ∈ Q ilpeivx lkl ⇐ Q = 〈q1, ...qd〉

q =

d∑
i=1

niqi =

d∑
i=1

niai

bi

-zq .
1

b1 · · · bd + 1
/∈ 〈q1, ...qd〉 ⇐ b1 · · · bd ≤mvnevn xy`k q ly dpknd ,o`kn

.dxi
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2 dgked

itl ,ziteq zxvep Q m` ,ziteq zexvep zeila` 'agl iceqid htynd lr jnzqda
Q ∼= Zd × Zq1 × Zqd l"pd htynd

.iteq xcqn mxeb mey oi` oini sb`a okl .∞ `ed en dpeyd xai` lk ly xcq Qa
.d edyfi`l Q ∼= Zd o`kn

ϕ

(
a1

b1

)
= (1, 0, ...0)

ϕ

(
a2

b2

)
= (0, 1, ..., 0)

y jk
a1

b1
,
a2

b2
∈ Q miniiw okl ,ϕ : Q → Zd 'fi` miiw .2 ≤ d gipp

(
a1

a2

)
b1a2 + (−b2a1)

(
a2

b2

)
= 0

okl

(0, 0, ...0) = ϕ (0) = ϕ

(
b1a2

(
a1

b1

)
+ (−b2a1)

(
a2

b2

))
=

= b1a2ϕ

(
a1

b1

)
+ (−b2a1) +

(
a2

b2

)
=

= b1a2 (1, 0, ...)− b2, a1 (0, 1, 0, ...) =

= (b1, a2,−b2a1, 0, ...)

:eplaiw

b1a2 = 0

b2a1 = 0

okle ,
a1

b1
=

a2

b2
= 0 ⇐ (b2 6= 0 ,b1 6= 0 ik)a1 = a2 = 0⇐

ϕ

(
a1

b1

)
= ϕ (0) = (0, 0, ...0)

� .dxizq

libxz
?Z× Z = Z2l 'fi` g"z Ql yi m`d
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