
9 d`vxd - mitxbd zxez2012 x`epia 1 jynd - ihnexkd mepiletddnl:miiwzn ,Ga e rlv ,(iteq heyt) G sxb lkl
fG (x) = fG\e (x) − fG/e (x) libxz:gked .1

deg fG (x) = n .sxbd xq n xy`k.owezn 'let fG (x) .2.fG (0) = 0 .3(1973 ,ilphq) htyn.|fG (−1)|l deey G ly zeilbrn `ld zepeekdd 'qn ,G iteq heyt sxb lkldnbe.fG (x) = x (x− 1)
3 `ed driavd mepilet.|fG (−1)| =

∣

∣

∣
(−1) (−2)3

∣

∣

∣
= 8 `ed sxbd ly zeilbrn `ld zepeekdd 'qnilphq htynn dpwqn

|fCn
(−1)| = 2n − 2 libxz.fCn

(x) aygilphq htyn zgked:xzei wfg htyn gikep:if` ,G ly zeilbrn `ld zepeekdd 'qn OG onqp .n xqn heyt sxb G idi
OG = (−1)

n
fG (−1)

1



.m zerlvd xtqn lr divwepi`a gikep.Nm wix sxbd m = 0 m`
fNm

(x) = xn okle
(−1)

n
· fNm

(−1) = (−1)
n
· (−1)

n
= 1 .ONm

= 1 ok`e.zerlv mn zegt mr sxb lk xear zepekp gipp.Ga rlv e `dz .zerlv m mr n xqn sxb G idi:divwepi`d zgpd itl
OG\e = (−1)

n
fG\e (−1) :ok enk

OG/e = (−1)
n−1

fG/e (−1) .e = (u, v) onqp .G\ea opeazp.mibeq ipyl G\e ly zepeekdd z` wlgp.ul vn zpeekn dliqn oi`e vl un zpeekn dliqn oi` - '` beq.ul vn zpeekn dliqn e` vl un zpeekn dliqn yi - 'a beq.t 'a beqn zepeekdd 'qne s '` beqn G\e ly zepeekdd 'qn onqp.s+ t = OG\e miiwzn.G/e ly zeilbrn `l zepeekda opeazpyi xnelk ,jtdle G/e ly zilbrn `l dpeekdl dni`zn '` beqn G\e ly zilbrn `l dpeekd lk :daer.lre r"gg dn`zd.OG/e = s - dpwqn.G ly zeilbrn `l zepeekda opeazp.e zpeekd k"g`e G\e ly zilbrn `l dpeekd i"r lawl ozip efk dpeekd lk.ul vn e` vl un - zeixyt` e ly dpeekdd zeiexyt` izy ,'` beqn dpeekdd m`.lbrn zxivi `ll e zpeekdl ala zg` zexyt` yi ,'a beqn dpeekdd m`:okl
OG = 2s+ t :lawp k"dq

OG = 2s+ t

= (s+ t) + s

= OG\e +OG/e

= (−1)
n
fG\e (−1) + (−1)

n−1
fG/e (−1)

= (−1)
n (

fG\e (−1)− fG/e (−1)
)

= (−1)
n
fG (−1) mikeiydxbd.(iteqe heyt gipdl ozip) sxb G = (V, E) idimiww ipy lk oiay jk Be A miww ly zexf zeveaw izy oia lre r"gg dn`zd `ed Ga jeiy.rlv yi mini`zn.A ∪B = V m` mlyen `ed jeiy:dnbe

2



1

2

3

4

5

6

:mlyen jeiy yi dfd sxba
A = {1, 3, 5}

B = {2, 4, 6}

(1, 2) , (3, 4) , (5, 6) :sxba j`
1 2

3.(1, 2) jeiy yi j` ,mlyen jeiy oi`zel`y?mlyen jeiy yi oezp sxba m`d.oezp sxba mlyen jeiy `vndnbe.mipey xtq izan a"dhgl miribn miinlz 30.eigi q"ia eze`n 2 oi`y jk miipy miipy aiyedl dvex mixend.mlyen jeiy miytgne ,q"ia eze`n `l md m` rlve ,miww 30 ly sxb mixiivn.miiv e mitxb xear wx rei oexzt yidxbd.V 2e V 1 eivy iv e sxb G idi.sxba rlv yi mini`zn miww 2 lk oiay jk V 2l V 1n r"gg dn`zd `id V 2l V 1n `ln jeiydxrd.mlyen `ed `lnd jeiyd f` ∣

∣V 1
∣

∣ =
∣

∣V 2
∣

∣ m`dl`y?mlyen jeiy yi oezp v"e sxba m`d:dnbel
g1

b1 b2

g2

b3

g3

b4 b5

g4

b6

g5.{b3, b6} mipky ipy wx yi {g2, g4, g5} w"zl ik `ln jeiy oi` df sxba
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dxbd.A ⊆ V .sxb G = (V, E) idi:`id A ly mipkyd 'aw
NG (A) = {u ∈ V | ∃v ∈ A : (u, v) ∈ E}.Aa ww `edy oky mdl yiy miwwd lk xnelkled htyn.V 1, V 2 eivy v"e sxb G idi.|NG (A)| ≥ |A| miiwzn A ⊆ V 1 lkl ⇐⇒ V 2l V 1n `ln jeiy yidgked:lw v.(v, f (v)) ∈ E ,v ∈ V 1 lkly jk r"gg f : V 1 → V 2 -V 2l V 1n `ln jeiy yi m`.|f (A)| = |A| ,A ⊆ V 1 lkl f` r"gg fy oeeik f`okl ,f (A) ⊆ NG (A) okle f (v) ∈ NG ({v}) okle (v, f (v)) ∈ E ,v ∈ V 1 lkl okl jeiy f la`.|A| = |f (A)| ≤ |NG (A)|:ipy v.|A| ≤ |NG (A)| miiwzn A ⊆ V 1 lkl - led i`pz miiwzny gipp.V 2l V 1n `ln jeiy yiy l"v.V 1 leb lr 'pi`a gikep.m =

∣

∣V 1
∣

∣ onqp.ala g` ww likn V 1 f` m = 1 m`led i`pz itl
deg v = |NG (v)| ≥ |{v}| = 1.epniiqe eipkyn g` z` el jyp ,g` oky zegtl vl yi.∣∣V 1

∣

∣ < m mr iv e sxb lk xear zepekp gipp.led i`pz z` miiwnd ∣

∣V 1
∣

∣ = m mr v"e sxb G idi:'` dxwn:miiwzn |A| = k < m lebn A ⊆ V 1 w"z lkl
|NG (A)| > |A|.mipky ipy zegtl vl yi .v ∈ V 1 idi df dxwna.u ,eipkyn g` z` vl mi`zp.sxbdn ue v z` hinyp:A ⊆ V 1\ {v} lkl :miiwzn G

′

= G\ {u, v} v"ed sxba f`e
NG′ (A) = NG (A) \u okle

|NG′ (A)| = |NG (A) \ {u}|

≥ |NG (A)| − 1 > |A| − 1 okle
|NG′ (A)| ≥ A

(v, u) z` sxvp .V 2\ {u}l V 1\ {v}n `ln jeiy yi divwepi`d zgpd itle miiwzn led i`pz okl.Gl `ln jeiy lawpe df jeiyl:'a dxwn:miiwzn dxear |A| = k < m lebn A ⊆ V 1 dveaw zniiw
|NG (A)| = |A|
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.A ∪NG (A)n dxyend G ly sxbd zz G1 idi.(V 1\A
)

∪
(

V 2\NG (A)
)n dxyend G ly sxbd zz G2 idi

V 2\NG (A)l V 1\Ane G1a NG (A)l An `ln jeiy yiy l"n V 2l V 1n `ln jeiy yiy gikedl ik.G2agikedl witqn ,okl .(dwix `l Ay oeeik) V 1\A < m oke |A| < m ,'a dxwn i`pz itl - al miyp.G2ae G1a miiwzn led i`pzy:G1 xear:B ⊆ A lkl
NG1 (B) = NG (B) :Ga led i`pz meiw itl ,okl

∀B ⊆ A |NG1 (B)| = |NG (B)| ≥ |B| .G1a miiwzn led i`pz okl:G2 xear:miiwzn B ⊆ V 1\A lkl
|NG (B ∪ A)| ≥ |B ∪ A| = |B|+ |A|.(zexf B-e Ae Ga miiwzn led i`pz ik):oke
NG2 (B) = NG (B ∪A) \NG (A) :okl

|NG2 (B)| = |NG (B ∪A) \NG (A)|

≥ |NG (B ∪A)| − |NG (A)|

= |NG (B ∪A)| − |A|

≥ |B|+ |A| − |A| = |B| .G2a led i`pz miiwzn okle.l"yn

5


