
dxcbd
.akxd zxcq z`xwp ynn oecir dl oi`y zilnxep dxcq

1 dprh
.zeheyt 'ag dly minxebd lk m"m` akxd zxcq `id zilnxep dxcq

.xary xerya epgked dgked

1 dcaer
.akxd zxcq yi ziteq dxeag lkl

libxz dgked

3 dcaer
.akxd zxcq gxkda oi` ziteqoi` dxeagl

dnbec

ZB 2ZB 4ZB 8ZB ...B 2kZB ...

dxcbd
cr miitxenefi` odly minxebd m` zelewy ze`xwp G 'ag ly zeilnxep zexcq izy

.minxebd xcq ick

zexg` milina

G = G0 BG1 BG2 B ...BGk = {e}

G = H0 BH1 BH2 B ...BHt = {e}
Gi/Gi+1

∼= 0 ≤ i ≤ k lyly jk π ∈ Sk dxenz yie k = t m` G ly zelewy zexcq
Hπ(i)/Hπ(i)+1
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dnbec

G = Z30

Z30 B 〈2〉C 〈10〉C {0}

miheyt mlek Z2,Z5,Z3 :minxeb

Z30 C 〈3〉C 〈15〉C {0}

miheyt mlek Z3,Z5,Z2:minxeb

x`iixy htyn
.milewy mipecir miniiw G 'ag ly zeilnxep zexcq izy lkl

dgkedd oeirx

:f` .N2 E H2 ≤ G ,N1 E H1 ≤ G ,'ag G `dz :qe`dpqf znl

N1 (H1 ∩N2) E N1 (H1 ∩H2) (i)

N2 (H2 ∩N1) E N2 (H1 ∩H2) (ii)

N1(H1∩H2)/N1(H1∩N2)
∼= N2(H1∩H2)/N2(H2∩N1) (iii)

.x`iixy htyn z` migiken (II hxta)mfitxenefi` ihtyne qe`dpqf znl zxfra
:mi`xn

eCN1 ∩N2 CN2 CN2 (H2 ∩N1)CN2 (H2 ∩H1)CH2 CG

.2e 1 iciwtz ztlgd mr dxcq dze`l lewy

ocxe'b htyn - dpwqn
.zelewy G ly akxdd zexcq lk f` akxd zxcq yi Gl m`

dgked

.G ly akxd zexcq izya opeazp

.epniiq zedf od m` •

itl ,okl .zeilnxep zexcq hxta od ,akxd zexcq ody oeeikn ,zepey md m` •
cigid oecird ,akxd zexcq ody oeeikn .milewy mipecir odl yi ,x`iixy htyn

.zelewy od okle ,onvr od `ed odly
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�

zexizt zexeag

dxcbd
.zeila` zexeag dinxeb lky zilnxep dxcq dl yi m` dxizt `id G dxeag

ze`nbec
GB {e} .zila` G (`)

zilxcdicd dxeagd (a)

I2 (n) =
〈
s, t : sn = e, t2 = 1, tst = s−1

〉
.sewiy t ,

2π

n
a aeaiq s

I2 (n)B 〈s〉B {e}

minxebd lk ik 〈s〉/{e} ∼= Zn .
|I2 (n)|
|〈s〉|

= 2 ik I2(n)/〈s〉 ∼= Z2 :minxebd

.milewy

.dixhniq zexeag (b)

.dxizt okl zila` S2 .1

.dxizt S3 okl - Z2,Z3 minxeb ,S3 BA3 B {e} .2
[gked :libxz .S3

∼= I2 (3) :dxrd ,la`]

mlek Z2,Z3, V4 :minxeb .S4 B A4 B V4 B {e} :zilnxep dxcq .S4 .3
.dxizt S4 okl .miila`

.5 ≤ n .4

.5 ≤ n xear dxizt dpi` Sn :dprh
xear Sn ly zil`ieeixh dpi`y dcigi p"gz htyn itl :dgked
xai`d Sn ly zilnxep dxcq lk okl .An `id 5 ≤ n
zvw qtqte libxzd mr zvw wgiyy in lk `ed ipyd
zepiiprn....e zepey zepenz zelawzny d`x ,miqwcpi`a
dxeva zeyxcpd zelertd z` rvany cewl )!( sqepa .c`n
.mzlaiwy dtid dpenzd z` gelyl mi`yx mz` ,dpiwz
one`de zgvpnd dpenzd z` exgai wcead + qxewd zeev
.An.libxzl qepea zecewp 5 ly ztqeza dkfi xykend
okl .dheyt dxeag ,5 ≤ n xear ,An htyn itl ,ok enk

.{e} gxkda `ed dxcqa iyilyd xai`d
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Sn BAn B {e} `ed Sn B {e} `id Sn ly zilnxep dxcq :dpwqn
dpi` Sn okle ,ila` `l mxeb yi odizya .zexg` oi`e

.� .dxizt

:dxrd
akxdd zxcq inxeb lk m"m` dxizt G if` ,akxd zxcq Gl yi m` :dnl

.miila`

.zexizt zxcbd itl ,dxizt G if` ,miila` akxdd zxcq inxeb lk m` :dgked
.miila` dinxeb lky zilnxep dxcq dl yi if` ,dxizt G m` ,jtidle
dinxeb lky)l"pd dxcqd ly oecir Gl yi f` ,akxd zxcq Gl yiy oeeikn
lk f` ,miila` dxcq ly minxebd lk m` .akxdd zxcql lewyd (miila`
,(zila` `id zila` 'ag ly dpn 'ag ik)miila` k"b ly oecir ly minxebd
,xclew-ocxe'b htyn itl .miila` dinxeb lky akxd zxcq Gl yi okle

� .minxeb zveaw dze` akxd zexcq lkl

dxhn
.dxeag zexiztl oeixhixw z`ivn

xehhenewd g"z :`ad `yep zz

oeniqe dxcbd
[a, b] := aba−1b−1 `ed be a ly xehhenewd .a, b ∈ G ,dxeag G `dz

1 dcaer
(mitlgzn be a)ab = ba m"m` [a, b] = e ,a, b ∈ G ,G 'ag lkl

oeniqe dxcbd jynd
`id xehhenewd g"z .dxeag G `dz

G′ := 〈{[a, b] : a, b ∈ G}〉

.mixai` 2 ly mixehhenewd lk i"r zxvepd g"z ,xnelk

2 dprh
.zila` G m"m` G′ = {e} ,G 'ag lkl
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dgked

.G′ = 〈e〉 okle [a, b] = e ,a, b ∈ G lkl 1 dcaer itl ,zila` G m`
,1 dcaer itl ,okle ,el gxkda mieey mixehhenewd lk f` G′ = 〈e〉 m` :jtidle

.mitlgzn a, b mixai`d zebef lk

�

3 htyn
.G′ E G ,G 'ag lkl

dgked

g [a, b] g−1 = [ga, b] [b, g] ,g, a, b ∈ G lkl :1 .r.h

.[ga, b] [b, g] = gaba−1g−1b−1bgb−1g−1 = gaba−1b−1g−1 = g [a, b] g−1 :r.h zgked
.r.h l"yn

[a, b]
−1

= [b, a] ,a, b ∈ G lkl :2 .r.h

.mlyd :2 .r.h zgked

x ∈ G′ lkl
ixai` ly iteq jxe`n dltkn x m"m` x ∈ 〈A〉 ,A ⊆ G ,G dxeag lkl :zxekfz]

[.mdiktede A

xekfpe)x = [a1, b1] [a2, b2] · · · [am, bm]y jk
a1, a2, ...am ∈ G
b1, b2, ...bm ∈ G

mixai`e iteqm miiw x ∈ G′ lkl ,okl

.(envra xehhenew `ed xehhenew ly iktdd 2 .r.h itly
gxg−1 ∈ G′ g ∈ G lkle x ∈ G′ lkl l"n G′ E G ze`xdl ick

gxg−1 = g [a1, b1] [a2, b2] · · · [am, bm] g−1 =

= g [a1, b1] g
−1g [a2, b2] g

−1 · · · g [am, bm] g−1 =

= [ga1, b1] [b1, g] · · · [gam, bm] [bm, g] ∈ G′

4 dpwqn
.G′ = G f` zila` dpi`y dheyt 'ag G m`
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dgked

G′ = {e} 2 dprh it lr .G′ ∈ {{e} , G} ,dheyt Gy oeeikn .G′ E G 3 htyn it lr
.G′ = G ,zila` dpi` Gy oeeikn .zila` G m"m`

�

dnbec

(An)
′
= An ,5 ≤ n xekar

5 libxz
H ′ ≤ G′ f` H ≤ G m`

6 dprh
.zila` G/G′ ,G dxeag lkl
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