
dwfga mixiyw miaikx
micewcew bef lkl m` dwfga xiyw aikx `id C ⊆ V dveaw ,oeekn G = (V,E) sxba

.zilniqwn dveaw `id Ce vl u oia lelqn yi u, v ∈ C
didi GSCC =

(
V SCC , ESCC

)
zexiywd miaikx sxb ,G = (G,E) sxb ozpda

1 :ea sxbd

V SECa Vi cewcew didi Ga Ci wfg zexiyw aikx lkl - V SCC •

aikxa cewcewl Ci aikxa cewcewn zyw yi m` (Vi, Vj) zyw didz - ESCC •
.Cj

mzixebl`

.micewcewd ly f [v] meiqd ipnf z` lawpe ,G sxbd lr DFS uixp .1

GT z` aygp .2

.cxei f [v] xcq itl micewcewdn miligznyk GT lr DFS uixp .3

md ur lka micewcewd .dpexg`d DFS zwixqa elawzdy mivrd z` xifgp .4
.wfg zexiyw aikx

ET = {(u, v)|(v, u) ∈ E}e V T = V xy`k GT =
(
V T , ET

)
:xicbp

dxrd

.dpey`xd DFSd zvxd ly meiqd ipnf lr milkzqn cinz

1 dprh
GTa wfg xiyw `ed aikx ⇔ Ga wfg xiyw `ed aikx

2 dprh
,u→ u′ lelqn yi m` u′, v′ ∈ C ′e u, v ∈ Ce C,C ′ wfg mixiyw miaikx ipy ozpida

v′ → v lelqn oi` f`

dpwqn

zywd zeidl dleki `l ,zyw yi m` ik)milbrn `ll oeekn sxb - DAG `ed GSCC

(dketdd

mzixebl`l xaqd
:(GSCC xg`l)sxbd z` dnbecl gwip

ae //

  A
AA

AA
AA

A bd

  A
AA

AA
AA

A

cf // gh
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-cewcewd x`yl milelqn mdn yi ik - e e` aa didi xzeia deabd meiqd onfy mi`ex
.(wfg zexiyw aikx eze`a eid md zxg`)mdil` milelqn oi` micewcewd x`yle ,mi

:jetdd sxbd lr lkzqp

ae bdoo

cf

``AAAAAAAA
ghoo

``AAAAAAAA

ae z` wx lawp f` ,e e` an dwixqd z` ligzp m`

zilnxet dxevae
:U ⊆ V dveaw zz xear xicbp

.d [U ] = min
u∈U
{d [u]} :U dveawd ly ielib onf •

f [U ] = max
u∈U
{f [u]} :U dveawd ly meiq onf •

3 dprh
f` (u, u′) zyw yi m` f` ,u′ ∈ C ′e u ∈ C ,C,C ′ wfg mixiyw miaikx ipy ozpida

f (C) > f (C ′)

dgked

eze` onqp .d [C] < d [C ′] .Cn `ed dlbzdy C ′l Cn oey`xd cewcewdy gipp •
- mipal md - elbzd `l cer C ′e Cn micewcewd x`y lk .d [x] = d [C] - xa
Cn micewcewd ,oald lelqnd htyn itl .mdn cg` lkl xn lelqn epl yie
w 6= x micewcewd lkl)f [x] = f [C] > f [C ′] okle ,x ly mi`v`v md C ′e

.(f [x] > f [w] miiwzn C,C ′a

lkl ribdl xyt` yn .ya onqp .C ′n `ed dlbzny oey`xd cewcewdy gipp •
dprh itl yn ribdl xyt` i` C icewcewl .wfg xiyw aikx C ′ ik C ′ icewcew
f [y] < ,f [y] = f (C ′) .C icewcew z` dlbp llkay iptl ,y mr miiqpy `"f .2

f (C ′) < f (C) ⇐ f (C)

dpwqn
,v ∈ C ′e u ∈ Cy jk (u, v) zyw yie C,C ′ wfg mixiyw miaikx ipy ozpda GT sxba

f (C) < f (C ′) if`

dgked

(midf md GT e Ga wfg mixiywd miaikxd)
wfg zexiywd iaikxy oeeikne (v, u) ∈ E zyw yi f` (u, v) ∈ ET zywd ozpida

f (C) < f (C ′) ⇐ u ∈ C ⇐ v ∈ C ′ 3 dprh itl f` midf
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dprh
wfg mixiyw miaikx oekp ddfn mzixebl`d

dgked

dipyd DFS zvxdn milawzny mivrd lr divwecpi`a

MST - ilnipin yxet ur
.sxba zyw lkl lwyn zpzepy ziivwpet - e ∈ E : w (e) ,w : E → R ,G = (V,E)

zexcbd
A m` .A z` liknd T MST miiw m` dgihan dveaw `xwz E ly A dveaw zz

dgihan dveaw `id A ∪ {e} m` dgeha zyw `id e ,e /∈ Ae dgihan dveaw

mzixebl`
A← ∅ .1

:yxet ur `l `id A cer lk .2

Al qgia e dgeha zyw mi`iven 2.1

A← A ∪ {e} 2.2

A xfgd .3

dprh

.dgihan dveaw ozep mzixebl`d

A lr divwecpi`a - dgked

.dxcbd itl dgihan A ∪ {e} f` .dgeha e zyw ep`vne ,dgihan dveaw A gipp
,A z` liknd MST yi ik ,dgeha zyw `evnl lkep (yxet ur lawpy cr)cinz

dfd MSTa zezywe

zexcbd
`le zexf zeveaw 2l micewcewd ly dwelg `id G = (V,E) sxba(V1, V2)jzg •

.V1 ∪ V2 = V ,zewix

.V2a cewcewl V1a cewcew zxagn `id m` jzgd z` dveg `xwz e zyw •

.jzgd z` dvegd zyw Aa oi` m` ,A zezyw zveaw cakn jzgd •

.zevegd zezywd oian il`nipin dlwyn m` dlw dveg `xwz e zyw •
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zezywd .zeveg od (==)zewewn-zeletkd zezywd .jzgd `ed (--)ewewnd ewd
cakn jzgdy zezyw zveaw od (=)zetivx-zeletkd

dprh
zyw `id e = (u, v)y gipp .dze` caknd jzg(V1, V2) idie dgihan dveaw A `dz

A xear dgeha zyw `ied e f` .jzgd z` dvegd dlw

dgked

.epniiq⇐e ∈ T m` .dze` liknd T MST miiw f` ,dgihan dveaw `id A
(A z` cakn jzgde jzgd z` dveg e ik e /∈ Ay al miyp)

T ∪ {e} :Tl dze` siqep .e /∈ Ty gipp
T ′ =a lkzqp .jzgd z` dvegy e′ zyw yi Ta .lbrn yi T ∪ {e}ay eplaiw
reci .zezyw |V | − 1 ea yie ur `ed ik ,yxet ur `ed T ′y milawn .T − {e′} ∪ {e}

.dlw dveg e ik w (e) ≤ w (e′)y

w (T ′) = w (T )− w (e′) + w (e) ≤ w (T )

.A z` likne dze` likn T ′ ik dgeha zyw `id e .ycg ilnipin yxet ur epxvi ⇐
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